NS-202B Quantum Mechanics 2022 Midterm

You will receive a formula sheet to use with this test. A {graphical} calculator is allowed but not if it has
communication capabilities. The regular time for this test is 120 minutes. This test has 11 questions on 2 pages
for a total of 100 points. Motivate all your answers. Unclear and unreadable answers will be considered wrong.
Use separate answer sheets for each section. Write your NAME and STUDENT NUMBER on every answer
sheet. Success!

1 Wavepacket in a harmonic oscillator
(Please mark your first answer sheet [1])

We consider a quantum mechanical harmonic oscillator which is described by the Hamiltonian
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A very useful notation is given by H = hw (ata™ + %) where e and a~ are the ladder operators which are

defined as . i
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The action of the operators on the states ,, with n ={Q,1,..., is given by
atyn = Vn+ lnt1, and a™¢n = VYot

Remember that a~ vy = 0 and [a~,a*| = 1. You can in the following use the orthonormality of the number
states, i.e.,

f "z () (@) = .
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1. (5 points) For an energy eigenstate, we know that (z) ... (Choose 1 answer, no motivation required):

A Oscillates with frequency w
B Oscillates with frequency (n + %)w
C Is constant

D Cannot be determined due to the uncertainty principle.
2. (10 points) For the ground state, show that (p?) = mhw/2.

3. (10 points) For the ground state, calculate (z?)} and show that vy is a minimum uncertainty state, i.e. it
obeys the Heisenberg relation with an equal sign.

At time ¢ = 0 we prepare the wavepacket ¥ = ﬁ (o + ).

4. (5 points) Show that the state ¢ is normalized.
5. (10 points) Show that the time evolution of the state is given by
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7 (Volz) +ie~ ™ty (z)) .

B(t,z) = ©

6. (15 points) Calculate the time dependent expectation value of the momentum operator, i.e.,
wt) = [ ¥ Opv@s.

Please turn over and use a new answer sheet



2 Finite-depth potential well
(Use a new answer sheet and mark it [2])

A quantum with mass m moves along the r-axis in the finite-depth well potential
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The depth of the well relates to its width as follows:
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It is given that the following wavefunction is normalized:
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With the normalization constant
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7. (5 poiuts) Make a sketch of the potential and of the above wavefunction and indicate the classically forbid
den area.

8. (10 points) Show. using a calculation. that this wavefunction satisfies the boundary conditions. in particular
at x| = b aud for |z — co.

9. {10 points) Show that this wavefunction is an enerpy ecigenfunction by calculating Hr(u in all areas, i.e,
for [x] > b as well as o] < b.
10. (15 points) We perform a measurement of the position. Caleulate the probability to find a value |z| > b.
We now discuss the scattering states of this potential, i.e. states that have an energy E > 0.
11. {5 points) What can bhe said of such states? (Indicate true or false for each statement, no motivation
required):
o . h oo - _
A Scattering states are all normalized according to [~ o 4T P (x)P(x) = 1.
B The probability current in a scattering state is always zero.
C We can find scattering states for every positive value of the energy E > 0.
DD Scattering states at different energies are orthogonal.

E Unlike in classical physics, a potential well {i.e. a potential that is nowhere positive) can cause a
particle with positive energy to be scattered back.
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Gaussian integrals
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Trigonometry
sin(A+ B) = sinA cosB+xcosA sinB
cos(A+ B) = cosA cosBFsinA sinB
Hamiltonian

H =9*/2m + V(z)

Harmonic oscillator

Viz) = %'mw?":r2
wn(r) = An(a+)n‘¢o($)
E, = (n+l)hw
2
R
T = Qmw(a +a”)
p o= iy @t - o)
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Wavefunctions
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£ = (mw/h)/x
Ho(z) = 1 Hi(z) = 2z,
Hy(xr) = 4z -2,
Hy(z) = 82% - 12z,
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Bohr radius
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Fourier transforms

flz) = (2m)7\/? f - F(k)e*=dk
F(k)y = (27r)"/2/00 f(x)e *=dx
dk) = (2m)1/? / ” ¥(z,0)e *dy

Time evolution of a free particle
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Phase and group velocity
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Probability current
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Hamiltonian

H=p%/2m + V(z)

Harmonic oscillator

Viz) =
Yn(z) =
E, =

T =

p =

Wavelunctions
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Gaussian integrals
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Fourier transforms
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Time evolution of a free particle

U(z,t) = (gn)—U?/ ¢(k)€ikx_i(hk2/2m)"dk
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Phase and group velocity

w/k
dw/dk

Vp =
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() = =400
Probability current
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Trigonometry

sin(A+ B) = sinAcosB + cos Asin B

cos(A + B) cos Acos B ¥ sin Asin B
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