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Question 1: Energy, entropy and free energy

a) If © > 0, it costs energy to place a particle on the lattice, so the ground states contains no
particles:
If p < 0, it gives energy to place a particle on the lattice, so the ground states contains the
maximum number of particles, namely 3:

b) If u = 0, every states has equal energy, so every state is a ground state, so
S =kplogQ =kplog13 (1)
where Q is the multiplicity.

c) If the temperature is high (Bu = 0), every state is equally probable, so

<N>:1—13(1><0+5><1+6><2+1><3):% (2)
and 1 18
(N = —(1x0?+5x124+6x22+1x3?%) == (3)
13 13
d) Within linear response theory, %AQ = — ((N?) = (N)?), so 6&” = iy

Question 2: polymers

a) In general is R?, = (< |Tn — To|?) >= Zf\; Z;\[ﬂ(&} - d';). Since the orientation of connected
segments is arbitrary, (3; - ;) = 8;;12, so R%, = Zszl Zjvzl 8;;1% = NI2.
b) The energy is minimal if &; - 6;41 is maximal. The maximum of this inner product is %, so

Eground state = _E(N - 1)

c¢) The probability to find a hinge with angle 6 is proportional to it’s Boltzman weight;

P) x e PP = (Pdidia (4)
_ eﬁl%ﬁ cos 0 (5)
— B (Egrouna state—560%) (6)
x e 7 (7)
So 0 is normally distributed with standard deviation 4/ i, so A=1.
d) Since the angle is normally distributed, you can add the angles quadratically, so <9,i27i +j> =
4(07,,1). This means that
3407 ;41
<&1 . 5J> = 12<COS 9i,i+j> = 1267% (8)
= Peime (9)

IThese solutions were made with great precaution. In case of errors, the Z3C cannot be held responsible. However,
she will be glad to be informed: tbc@a-eskwadraat.nl



Note that in the exam, it was abusively stated that (cosf) ~ exp (—(0?)) instead of (cos @) ~

exp (—@). You can still get full points if you used the first relation.

e) The same analysis as in (a) yields to

N N
R, = Y ) (33 (10)
i=1 j=1
N
= Py Y el (11)
i=1 j=1
This can be calculated using geometric series:
1 1— e (NHDB
2 2 -B
= | N+2—— (N - 12
B ( + 1—6—3( ¢ 1—e B )) (12)

Q

Ne= B 1+e B
2 —_— p— 2 —_—
l (N+21_€_B> lNl—e—B (13)



