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Final Exam Statistical Field Theory (NS-TP402M)

Tuesday. 31 January, 2012, 15:00-18:00

1. Write your name and initials on all sheets, on the first sheet ulso your student 1D number.
2. Write clearly, unreadable work cannot be corrected.
3. You may use your notes and the book by Stoof et al.

4. Dustribute your time evenly over all exercises. don't spend an enormous amount of time on correcting minus
signs, factors of two end/or w, ete. In case you suspect that you have made a caleulational error but don't have
enough time (o correct it, poini it out in words.

5. Give clear motivation, aryumentation, and erplanation with each answer.

Exercise 1: BCS8-like transition in a Bose gas (70 points)

In this exercise we consider interacting spinless bosons. Upon lowering the temperature to a critical temperature
T, such a system may initially undergo a phase transition to a pair-condensed BCS-like state where the bosonic
atoms form pairs that Bose-Finstein condense, before (upon further lowering the temperature to a critical value
Trec), undergoing conventional Bose-Einstein condensation. That is, for temperatures T, > T > Tpec we have that
(A(x, 7)) # 0, whereas {@(x,7)) = 0. For temperatures T < T'spc we have that the order parameter for Bose-Einstein
condensation becomes nonzero, i.e., {p(x. 7)) # 0. Note that this necessarily implies that the expectation value of the

order parameter for the BCS-like transition,
Alx.7) = Voo(x, T)p(x, 7) (1)

remains nonzero for I’ < Type < T..
We neglect any external potential and consider a three-dimensional homogeneous system of volume V. The starting

point is the grand-canonical partition function given by

z= [aioaleldesp (-5ie", 61 0} | @)
where the action is given by
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Note that, in the above, we have approximated the interatomic interaction with Vix—x') >~ Vod(x—x'). Furthermore,

the mass of the atoms is m, and their chemical potential u.
a) {5 points) For which sign of V5 do you expect a transition to a pair-condensed state?

b} (10 points) Decouple the interaction with a Hubbard-Stratonovich transformation to the pair field A(x, 7) and

show that after the transformation we have that

Z= / dIAIdIAId 07 d [0 exp {5 6%, . A" A) /)
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with the action
Sle™. 0. A" A] = /hsdv /d,xé*(X.r‘) {zéd; - h;:: u} o(x. 1)
/hj dT/dx{ (x, T)o(x. T)B(x, 7) + &7 (x, 7)o" (%, T)A(X,T) = é%ﬁ @)

¢) (10 points) Perform the functional integration over the Bose fields ¢, @, so that the expression for Z is written

as
/ dIA" (A exp {~ SenlA%, Al/RY

and give the exact but formal expression for the effective action Ser[A*, Al.

d) (10 points) Calculate the effective action up to second order in the field Alz, ) and show that (up to irrelevant

] h3
SerlAT. A / d’r/(ix/ dr’ /dx A*(x,T) \ZQV 8(x — x")5(r — 7")

’1--2—;60()(‘)( 7 — NGo(x - %, T»-T)} A, )+ O (1A (5)

constants)

NB: You do not have to show that the terms beyond second order start at order |A[*.

e) (10 points) To describe the ferromagnetic phase transition we consider field configurations A¢ independent of
position and imaginary time Alx, 1) = Ap. The effective action is then up to second order given by Serr[AY, Do) =
RBV [r(1A0]) with fL(1Dol) = alT) | Ag)?, with [1(]Ag]) the Landau free energy density that describes the phase
transition. Show that «(T) is given by
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where e = R’k%/(2m), and Np(z) = [e87 — 171 (with § = 1/kgT), is the Bose-Einstein distribution function.

f} (5 points) Assume that the phase transition is continuous. Explain the criterion for the critical temperature and

give the equation that determines the critical temperature T, without solving it.

g) (& points) Ignore the ultraviolet divergence in the above equation for a(T) which can be absorbed into a
redefinition of Vy. That is, from now on take

S Nple — p)
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Using this equation, discuss under which condition for Vy a transition to a pair-condensed stale occurs.

hy (15 points) Consider now the system at temperatures Tgec < T < T, and assume that Afx,7) can be
treated in mean-field approximation, so that we have Af{x,7) = Ag, and that Ag = A{T) is known as a
function of temperature. Derive the dispersion relation for the atoms in this temperature range, and argue,

based on this dispersion relation, that the critical temperature for Bose-Einstein condensation is determined by

pw(Tpee) = 180(TeEC)!
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Exercise 2: Electron-magnon coupling (30 points)

An electron in a conducting ferromagnet interacts with fuctuations in the magnetization. In particular. an electron
can excite wave-like vibrations of the magnetization, ie.. spin waves that, once quantized, are also referred to as

magnons. An effective action that describes the electron-magnon system is given by
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where 1 is the chemical potential for the electrons and A the so-called exchange splitting in the ferromagnet. The
field ¢y, (7) describes the electrons with spin projection o € {t,1}. and the field bi(7) describes the magnons.
The magnon-magnon interaction and electron-electron interaction have been neglected. The matrix elements that
determine the coupling between electrons and magnons are denoted by ¢{q) and assumed to be real. Furthermore, e,

and fuvy are the dispersion relations for electrons and magnons, respectively.

a) (5 points) Give the physical meaning of the last two terms in the action, paying also attention to the electron

spin in the electron-magnon coupling.

b) (15 pownts) Derive an effective action for the electrons by performing the Gaussian integral over the magnon

field, and show that this leads to an interaction term for the electrons that is of the form

h3 hi3
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where the electron field ¢, (x, 7) is the Fourier transform of ko).

¢) (5 points) Give the expression for V{x — x';7 — 7') as a Fourier expansion, i.e., without working out the sums

over momenta and Matsubara frequencies.

d) (5 points) Draw the Feynman diagram corresponding to this interaction, indicating also the electron spin.






