Trial Exam Solutions

Exercise I - Rashba model

(1) In the standard spin basis o € {| 1),| )}, where | 1) = ((1)), we have that

arxp)2=2((3 ))a- (7 3)#)- Q
Since p; = —ihd;, we can rewrite the Hamiltonian H in second quantization as
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(2) We know that the Euclidean action is given by
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Hence,
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(3) We can write
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Therefore,
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Using the definition of the inverse, we obtain
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By substituting the Fourier expansion of G, (x,7;x",7") given by
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and using Eq. (6), we can rewrite Eq.(7) into
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(4) Since the columns of U are the eigenvectors of M, we have that
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with Ay the eigenvalues of M. Therefore, the equation for G(k, iw,) can be written as
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Thus we need to determine the eigenvalues and eigenvectors of U. The explicit expres-
sion for M is
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The eigenvalues are Ay = —ihw,, + "ii?":.— — # * RAlk|, and the eigenvectors are
— 1 1 .
Xx = ﬁ :l:k —-lk.r‘ (15)
Hence
i o 1
=75 |\l keky ) (16)
Therefore,
, 1 heik-[x—x')—i‘\.(r—r')
Go g, 11X, ') = — = :; . & o e (17)
where

A= (—ih.;.‘,, +ex—pu —hA(ky, +ik;) )

—RAA(ky —tkz) —then + e — u (18)
(5) Gpr(x,7:x,7%) reads
1 etn .

. + —_— 1 ] w‘-. - ‘7‘

Gr(x, 7%, 7F) 11,'—[3}1 RSV 2 (ihoy — e+ )2 h‘-‘.\ﬁk"’hh =€k + @) (19)
1 eMn ernn

=i - - + 5
,,1—1.1(1) 2h31 ;l: Lh‘..',, —ex+u—h\k  the, —e+pu+ h.\k]

[ ]




Now define hwy = € — p + hAk and Aoy = e — u — hAk, and we rewrite Eq.(19) as
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Now we perform the sum over Matsubara frequencies by using contour integration. Here
we focus on the first term. If C is a contour fully enclosing the imaginary axis, then
Cauchy’s theorem (or maybe better: the residue theorem) tells us that
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Now, we can freely add the curves C’ as shown in Fig.7.2 of Stoof, since the integral
over these curves with infinite radius vanishes. As a result we have two closed contours,
both half circles. We call the left half circle Cr and the right half circle Cg. This yields
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Note that only Ck encloses a pole at z = wg, and the other contour integral does not
enclose a pole and therefore gives 0. By using the residue theorem and taking the limit
of 7 to zero, we find
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where there is extra minus sign from the fact that the contour Cy is clockwise instead
of counterclockwise. Hence,
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(6) We can see from AT xP) -2 < A(2x P) - T that the orientation of the spin of an electron

(7)

with momentum p lies in the x-y plane and is perpendicular to p. This constrains
the spin of an electron having momentum —p to be oriented exactly in the opposite
direction. Hence, by averaging over momentum, the expectation value of the spin density
is zero.

Let us calculate the expectation value of the spin density as

(S) = Z(Qb; (x’ T+)Ta,a’ Go' (xa T)) (25)

= ((¢11) + (S]01)) &+ ((8761) — (BT01)) § + ((#781) — (£]61)) 2
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If we now look at the result of part 4), we notice that Gi(x, 73 X, ™) =Gy (x, 7%, 7)

and Gy (x,7;%x,7) = Gp(x,7;%,7F) = 0 (since we sum an odd function in k over all
values of k). Hence, (S) = 0.




Exercise I - Hobhard-Siratonovich transformation to density and
magnetization density
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This leads to
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where we defined -hGg;(x. T)= h%—%ﬂ—-—p. RE,(x.7T) = 32 p(x. 7) and AZZ, (x.7) =
= —1. By performing the integration over
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where

Sealp.ma] = —h Y Tr [Log (‘GJ.’ (67 + Splx7) + %))

(o

([ oS

(10 We are i . .
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z . By making a Taylor expansion into the equation for (m;), we obtain
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ransition to the ferromagnetic state can be determined, reads
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re. in the zero-temperature limit the equation for the critical interaction
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second order phase transition. Then. above the critical
all coefficients are positive such that there is a minimum at (mg) = 0.
mperature a(T) becomes negative, and the minimum of
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