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Question 1. Coupled bosons and fermions

In this exercise we consider a system of coupled bosonic molecules and fermionic atoms, in a
volume V and described by the fields φB(x, τ) and φF(x, τ), respectively. The action for this
system is
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where mB = 2mF is the mass of the molecules, mF is the mass of the atoms, δ is the so-called
detuning, µ is the chemical potential, and g is the strength of the atom-molecule coupling.

a) Give a brief description of the physical meaning of the term that couples the bosons and
fermions in the above action. Do you understand why we need two different spin states for
the fermions? Which term in the above action controls the energy difference between the
zero-momentum states of the bosons and fermions?

b) First we want to consider the limit of very large positive detuning where the bosonic field
has an expectation value equal to zero. In this limit we can integrate out the bosonic field
directly. Show that by integrating out the bosons an interaction term between the fermions
is generated. What is the strength of this interaction at zero momentum and zero Matsubara
frequency?

Let us now assume that the bosons are Bose-Einstein condensed and, therefore, that the field
φB(x, τ) has a nonzero expectation value 〈φB(x, τ)〉 ≡ √

n0.

c) Replace the bosonic field by its expectation value and determine the resulting inverse Green’s
function matrix G−1(k, iωn) of the fermions by performing a Fourier transformation of both
the space and time dependence.

d) Determine the total number of atoms in the gas, by making use of the Green’s function
G(k, iωn). If you could not answer part c) give your answer in terms of G(k, iωn). What is
the total number of molecules?

e) Finally, the off-diagonal entry G12(k, iωn) corresponds to the expectation-value
〈φF,↑(x, τ)φF,↓(x, τ)〉. This value is related to the expectation value 〈φB(x, τ)〉 of the Bose-
Einstein condensed bosons. Determine this relation by minimizing the action with respect
to φ∗B(x, τ) and evaluate the Matsubara sum in the result obtained.



Question 2. Condensate in a harmonic trap

For very low temperatures the Bose-Einstein condensate wavefunction φ0(x) is the solution of the
Gross-Pitaevskii equation

(
−~2∇2/2m+ V ex(x) + V0|φ0|2

)
φ0(x) = µφ0(x), where the condensate

wavefunction φ0(x) is normalized to the number of condensate atoms N0, i.e.,
∫
dx φ∗0(x) = N0.

The mass of the atoms is m and their interaction potential is V0δ(x − x′). This is a nonlinear
equation, which is in general hard to solve analytically. However, there are certain limits, where
analytic expressions can be obtained. We want to solve this equation for the case of the harmonic
potential
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a) Suppose that the gas is weakly interacting, such that we can neglect the interaction term.
Then the Gross-Pitaevskii equation reduces to the Schrödinger equation for a three-dimen-
sional harmonic oscillator. Solve the Gross-Pitaevskii equation for this case and give the
condensation wavefunction. What is the chemical potential µ? Can you understand your
result? Does the condensate size depend on the number of condensate atoms? Give the
physical reason for your answer.

b) For a weakly-interacting gas the interaction term can be treated in pertubation theory. Cal-
culate the first-order correction to the chemical potential. What is the physical interpretation
of this correction term? If you could not solve part a), denote the non-interacting condensate
waveform by ψ0(x) and give the correction to µ in terms of ψ0(x).

c) When the gas is strongly interacting, the kinetic term −~2∇2/2m can be neglected. Solve
the Gross-Pitaevskii equation in this approximation and prove that the condensate density
can be written as

n0(x) = φ∗0(x)φ0(x) =

{
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)
if r ≤ R;

0 if r > R.
(3)

This is called the Thomas-Fermi profile and R is called the Thomas-Fermi radius.

d) Express the Thomas-Fermi radius R and the chemical potential µ in terms of the condensate
atoms N0 and the interaction strength V0. What do you expect for the dependence of R and
µ as a function of N0?

e) Give an estimate for the magnitude of the kinetic term in the Gross-Pitaevskii equation
within the Thomas-Fermi approximation. This term should be small compared to the inter-
action term. Use this to prove that the Thomas Fermi approximation is valid if the number
of condensate atoms obeys

N0 �
~2R

mV0
. (4)


