DIT TENTAMEN IS IN ELEKTRONISCHE VORM BESCHIKBAAR GEMAAKT DOOR DE 7BC VAN A—ESKWADRAAT.
A-ESKWADRAAT KAN NIET AANSPRAKELIJK WORDEN GESTELD VOOR DE GEVOLGEN VAN EVENTUELE FOUTEN
IN DIT TENTAMEN.

Solution of Exercise0.1
(i) x € VimpliesO < x? + x3 = (1 — x3)x2, therefored < 1 — x, thatis, x3 < 1.
(i) If x3=1—s2 thenl — x3 = s2. Accordingly, forx € V,
x2 4 x2 = (1—x3)x2 = (s(1—s9))?, o) (x1, x2) = s(1 — s?)(cost, sint),

for suitabler € R, on accountof the parametrizatiorof a circle by trigopnometricfunctions.
Thuswe obtainV C im(¢). Corverselyfor everyx € im(¢),

X2 x2=(s(1—s?)? and (1 — x3)x3 = s%(1—s?)?, thatis g(x)=0.

(iii) Supposefor i € R?,

(1—3s%)cost —s(1—s?) sint L * 0
Do(s,H)h=| (1—3s%)sint s(1—s?) cost ( hl ) = * =] o0
—2s 0 2 —2shy 0

If s £ 0, it followsthath; = 0. Thetwo top equationsabove thengive
hos(1 — s?)sint = hps(1 — s?) cost = 0, so  s(1—s%h,=0.

Accordingly if s ¢ {—1,0, 1}, thenh, = 0too; andthereforeg is immersve in this case.On

theotherhand,
cost O cost O
D¢o(£1,t)=—-2| sint 0 |, D¢0,5) =] sint 0 |,
+41 O 0O O

which shaws thatall threeof thesemappingsn Lin(R?, R®) have a one-dimensionakernel. It
is directfrom thedefinitionthat¢ (1, r) = O and¢ (0, t) = n, forall t € R.

(iv) Wehave,forx e V,
Dg(x) = (2x1, 2x2, —2x3 + 3x5) € Lin(R% R).

This mappingfails to besurjective only if all its entriesequalO, whichis thecaseonly if x = 0
(thesolutionwith x3 = % doesnotbelongto V). Hence,g is submersie atall pointsof V \ {0};
andon the strengthof the SubmersiorTheoremwe now obtainthat V is a C* manifoldin R®
of dimension2 atall of its points,with the possibleexceptionof the point 0.



Solution of Exercise0.2

(i)

(ii)

(iii)

(iv)

v)

(vi)

(vii)

X2 4 2y1x + yo = (x — x1)(x — x2) = x% — (x1 + x2)x + x1xp implies y; = —%(xl + x5) and
Y2 = X1X2.

Thecoeficientsof @ (x) aresymmetricin x; andx,. Horizontallinesareof theform {x € R? |
X, = constant.

Suppose = ®(x), thatis, 2y; = —x1 — xp andy, = x1x2. Then
2xoy1 = —xlxz—xzz = —yz—xzz, o] p(x2,y) =0, thatis Yo = —szyl—xg;
andthis shavsthat y belongsto the straightline L (x,) in R? of slope—2x».
We have
1 _1 1
D®(x) = ( 2 2 ) detD®(x) = —=(x1 —x2) =0 == X1 = Xo.
X2 X1 2

HenceS = {(x2,x2) € R? | x, € R}, thediagonalin R?. Now (y1, yo) = ®(x2, xp) =
(—x2, x2) satisfiesy? = x3 = y,, whichimplies

P=o(S)C{yeR?|y2—y,=0}=:P.

Corversely if y2 = y,, thenwe have y, > 0; hencethereexists x, € R satisfyingy, = x3.
Theny? = x3, having asolutiony; = —x, thatis, y = ®(x2, x). It followsthat P c P and
thereforeP = P.

Indeed,giveny € V, the systemof equationst; + x, = —2y; andxix, = y, for x € R? is
equialentto the systemxf + 2y1x1 + y2» = 0andx, = —x; — 2y;. Thelatter systemhasa
solutionx € R?\ S, because ¢ V representthewell-known discriminantriterionfor p(X, y)
having two distinctrealroots. Hencey = ®(x), andthereforey € L(x;) N L(x2) with x; # x».

Considery € L(xz) N P. Accordingto part(iv) the conditiony € P impliesthe existenceof
X» € R suchthaty = ® (X5, X»). Furthermoretheconditiony € L(x,) now gives

0= x% — 2)62)72 + )~C§ = (xo — 3CV2)2, SO X2 = )72, hence y = D (x2, x2).

Thetangentine of P at ®(x», x») is thesetof y € R? satisfying
Y1
(2y1, -1 = —(2x2y1 +y2) = 0.
y= (—Xz,x§)< Y2 )

Asaconsequencéhegeometridangentine of P at® (xy, x,) equaly y € R? | 2x,y1+y, = ¢}
wherec € R is determinedby ¢ = —2x2 + x2 = —x3; in otherwords,the geometrictangent
line equalsL(xy).

Obvious.



