
Solution of Exercise0.1

(i) Wehavecurl � � � ��� 1, for all � 
 R2, henceGreen’s IntegralTheorem8.3.5implies

oppervlakte
� � ��� V curl � � � �XW � � Y-V J � ��Z�� ! W 1 Z L �

1�U��� � YHV\[
J � ��Z�� ! W 1 Z L*!

where ] � � ��%XZ � ��� �@^H� � � ��� ��� � ^6� ��� ��� 1� � ��� ��� � 
 R2 & 0 R ^ R 1 )*�
As aconsequence,

�._ Z � ��� �@^H��� (0 !7� � ���1 � ^6� � � ��� 1�
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�
) ! ` Z � ��� ��^-��� � � ��� 1� � � � ��� !

J �._ Z � ��� ��^-� !"` Z � ��� �@^H� L �a� � � ��� 1�
2 � � � ���2

�
(� � ���1 � ^6� � � ��� 1�

1 � � � ���1
�
) !

Y-V [ J � �@Z�� ! W 1 Z L � � � � ��� 1�
2 � � � ���2
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0
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1 � � � ���1
�
)
Wb^

� (� � ��� 1�
2 � � � ���2 )( � � ���1 � 1

2
� � � ��� 1�

1 � � � ���1
� ) � 1

2
( � � ��� 1�

1 � � � ���1 )(� � ��� 1�
2 � � � ���2 ) �

(ii) Write
�

asaunionof � triangleswith vertices0, � � ���1 and � � ��� 1�
1 , for 1 Rdc.R � . Next, notethat

theareaof sucha triangleequalshalf theareaof theparallelogramspannedby thevectors� � ���1
and � � ��� 1�

1 , wherethelatterareais givenby

� � ���1 � � ��� 1�
1� � ���2 � � ��� 1�
2

� � � ���1 � � ��� 1�
2 � � � ��� 1�

1 � � ���2 �
For anotherproofof theidentityin part(ii), expandtheproductsatits left–handsideandobserve
that

1����� �
� � ��� 1�

1 � � ��� 1�
2 �

1�U��� �
� � ���1 � � ���2

�
0 �

Solution of Exercise0.2

(i) Suppose� 
 # , then� 2
1 � � 2

2
�

1 � � 2
3 E� 0. Furthermore,465 ��%e�@f � 1 ! f � 2 !7� 3 � & f 
 R ) . Now

�@f � 1 ! f � 2 !"� 3 � 
 $ 2 �eg f 2 � � 2
1 � � 2

2
���

1
�eg fh��, 1

� 2
1 � � 2

2

�

The point of intersectionof 4 5 with $ 2 closestto � is obtainedby taking the plus sign. This
provesthe formula for � . Furthermore,given arbitrary

Z 
 $ 2, an element� 
 # suchthat� � � ����Z hasto satisfy

� 3 ��Z 3 ! �eg � 2
1 � � 2

2
�

1 � � 2
3
�

1 � Z 2
3 ! �eg � G ��Z G 1 � Z 2

3 !
for 1 RdSiR 2. Indeed,suchan � belongsto # , in view of

' � ' 2 �a��Z 2
1 � Z 2

2
�/�

1 � Z 2
3
� � Z 2

3
�

1 �
5

Dit tentamen is in elektronische vorm beschikbaar gemaakt door de TBC van A–Eskwadraat.
A–Eskwadraat kan niet aansprakelijk worden gesteld voor de gevolgen van eventuele fouten
in dit tentamen.
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As a consequence,� 
 # existsandis uniquelydetermined.This establishesthebijectivity of
� andalsothat

� 8 1 �@Z���� �@Z
1 1 � Z 2

3 ! Z 2 1 � Z 2
3 ! Z 3 � �

(ii) As is well-known, up to subsetsof negligible area,two-dimensionalsubmanifolds: contained
in # areof theform : �0j�� ` � , with

j ��` � # 2 givenby

` � ] �=< ! < [ > � <2 ! <2 and
jk��? !7l ��� � cos

?
coslm! sin

?
cosln! sin l � �

Notethatwemaytake ` to beopenandthat
j

is anembedding.As in Example7.4.6wesee

oppervlakte
� : ��� o cosl Wb?mW ln�

On accountof � and � 8 1 beinga differentiablebijections(on suitableopensubsetsof R3) we
seethat

jT� �p_ j ��` � $ 2 is anembedding,which is givenby

j=�@? !7l ���a� cos
? ! sin

? ! sin l � �
� � : �q� jr� ` � is a submanifoldin R3 of dimension2 that is containedin $ 2 becauseof
Corollary4.3.2.Furthermore,

] j
] ?
��? !"l �s�a� � sin

? ! cos
? ! 0� ! ] j

]Xl
�@? !7l �t�a� 0 ! 0 ! cosl � !

] j
] ? >

] j
]Xl
��? !"l �s� cosl � cos

? ! sin
? ! 0� ! ] j

] ? >
] j
]Xl
��? !nl � �

coslm�
Therefore� � : ��� j=� ` � implies

oppervlakte( � � : � ) � o cosl Wb?eW lm�

(iii) Theassertionis adirectconsequenceof Exercise3.6oncylindrical coordinates.

(iv) If B � $ 2, then B � ; � ` � , for somè asin part(ii), while

] ;
] ?
�@? !"� 3 �t� � � sin

? ! cos
? ! 0� ! ] ;

]X� 3
��? !7� 3 �t�a� 0 ! 0 ! 1� !

] ;
] ? >

] ;
]X� 3
�@? !"� 3 �t� � cos

? ! sin
? ! 0� ! ] ;

] ? >
] ;
]X� 3
��? !7� 3 � �

1 !
Thisandthefactthat

A � B ��� ` now yield

oppervlakte
� B ��� o Wb?eW � 3 � oppervlakte(

A � B � ) �
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(v) We mayassumethatthegreatcirclesintersectat thepolesof # 2, sincethis canbeachievedby
applyinga rotationof R3, which is area-preserving.Now theimage � � : � is acurvedrectangle
on $ 2 of width

?
andheight2. Next unroll # 2 on theplaneR2, in otherwords,apply

A
. Then

the curved rectanglewill be mappedto a genuinerectanglein R2 of width
?

and height 2.
Applicationof parts(ii) and(iv) now yieldsthattheareaof : equals2

?
. In particular, # 2 is the

sphericaldiangleof angle2< , which impliesthatits areais 4< .

Solution of Exercise0.3

(i) The assertionfollows from that fact that � & : is a continuousfunction on the compactset : .
Furthermore,

F
consistsof morepointsthantheorigin alone.

(ii) Themethodof Lagrangemultipliersgivesthat � & : is extremalatpoints � 
 : for which there
exist
f 
 R2 satisfying

��uv�
2� G � 2

f
1 C G � G � f 2 D G �

1 RdSiR 3
� �

Takingtheinnerproductwith � weobtain

2 ' � ' 2 � 2
f

1

1��GH� 3 C G �
2Gw� f 2

J DK!7��L � 2
f

1 ! hence O � ' � ' 2 �0f 1 �

Considerfirst thecaseof
f

2
�

0. Then
�@u��

implies

� G � 1 � OPC G ��� 0
�
1 RxSiR 3

� �
If two of thecoordinatesof � areequalto 0, thenthecondition� 
 I forcesthethird coordinate
to be0, but then �zy
 F . Consequentlytwo of thesecoordinatesdiffer from 0, which implies
0
�

1 � OPC|{ � 1 � OQC G , for } E� S ; that is, C~{ � C G , a contradiction. Hence
f

2 E� 0. If
OPC G � 1

�
0, for some S , then

��u��
implies

f
2 D G � 0; and thus D G � 0, a contradiction.

Furthermore,weobtainfrom
��u��

� G �
f

2

2

D G
1 � OQC G

�
1 RxSiR 3

� �
But now � 
 I gives

f
2

2
1��GH� 3

D 2G
1 � OPC G

�
0 ! andso

1��GH� 3
D 2G

OPC G � 1
�

0 �
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