DIT TENTAMEN IS IN ELEKTRONISCHE VORM BESCHIKBAAR GEMAAKT DOOR DE 7BC VAN A—ESKWADRAAT.

A-ESKWADRAAT KAN NIET AANSPRAKELIJK WORDEN GESTELD VOOR DE GEVOLGEN VAN EVENTUELE FOUTEN
IN DIT TENTAMEN.

Solution of Exercise0.1

(i) Wehavecurl f(x) = 1,for all x € R?, henceGreens Integral Theorem8.3.5implies

opperviakte2) = [ curlf(mdx = [ (f0).dy)= ¥ f (O diy),
Q I

1<k<n
where Q= {yP @) :=x® +r(x*D —x®) e R?|0<t <1}
As aconsequence,
foy®@® =(0.x" +1Gi™ —x). DyP@) = x4 —x®,

(foy®®), DyP()) = (g™ — xf) (P + 1 — ),

1
/ CFO). dy) = (28D — x) / (® 4 (D By g
Q2 0

1
(x(k+1) (k))(x(k) (k+l) (k))) — E(x£k+l) + xik))(xélwl) _ xék))‘

(i) Write Q asaunionof » triangleswith vertices0, x{ andx{**", for 1 < k < n. Next, notethat
the areaof suchatriangleequalshalf the areaof the parallelogranspannedy the vectoer(k)

andx{**?, wherethelatterareais givenby
®) (D
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For anotheiproofof theidentityin part(ii), expandtheproductsatits left—handsideandobsene

that
Z xik+l)x§k+l) Z X(k) (k)

1<k<n 1<k<n

Solution of Exercise0.2
(i) Suppose: € S,thenx? + x5 = 1— x5 # 0. Furthermoref, = { (Ax1, Ax2, x3) | » € R}. Now
_
,/xf + xg‘
The point of intersectionof ¢, with C? closestto x is obtainedby taking the plus sign. This

provesthe formulafor f. Furthermoregivenarbitraryy € C?, anelementx € S suchthat
f(x) = y hasto satisfy

(Ax1, Ax2, x3) € C? = VEZ+ia)=1 = A==

X3 =3, = Xf-l‘x%:\/l—x%:\/l—y%’ = xj=yj/ 13,
for1 < j < 2. Indeedssuchanx belongsto S, in view of
IxI?= O+ )L —y5) +y5 = 1.
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As aconsequence; € S existsandis uniquelydetermined.This establisheshe bijectivity of
f andalsothat

F0) = Oy =33 321 - 33, 33,

(i) Asiswell-known, upto subsetof nggligible areatwo-dimensionakubmanifoldsV contained
in S areof theform V = ¢(D), with ¢ : D — S? givenby
DC]——71,7T[><]——ZZ T [

23 and ¢ (a, 0) = (Cosx cosH, Sina cosH, sinb).

Notethatwe maytake D to beopenandthat¢ is anembeddingAs in Example7.4.6we see

opperviaktgV) =/ cosh dad§.
D
Onaccountof f and f ! beinga differentiablebijections(on suitableopensubsetsf R3) we
seethat¢ = f o ¢ : D — C? is anembeddingwhichis givenby
b (a, 6) = (cosa, sina, sind).

f(V) = ¢(D) is a submanifoldin R3 of dimension2 that is containedin C2 becauseof
Corollary4.3.2. Furthermore,

~

—d)((x ) = (—sina, cosx, 0), %(a, #) = (0,0, coshd),

3¢ ¢ -
_4’ > _‘i’(a 0) = cosf(cosu, Sinc, 0), H

a, 0) H = C0s4.
oo

Thereforef (V) = $(D) implies

opperviaktd £ (V)) = / cosh dad®.
D

(iii) Theassertions adirectconsequencef Exercise3.6 on cylindrical coordinates.

(iv) If W C C?,thenW = v/(D), for someD asin part(ii), while

d , 0
O (4.x3) = (- sina, cosa, 0). W (x5 =(0,0.1).
Ja 0x3
0 0 .
W _W(a x3) = (cosa, sina, 0), H— X —(a Xx3) H
Jdor  0Xx3 0Xx3

Thisandthefactthatg(W) = D now yield

opperviaktew) = / dadxz = opperviaktgg(W)).
D



(v) We mayassumehatthe greatcirclesintersectat the polesof S2, sincethis canbe achiesed by

applyingarotationof R2, whichis area-preservingNow theimage f (V) is acurvedrectangle
on C? of width « andheight2. Next unroll $? ontheplaneR?, in otherwords,apply g. Then
the curved rectanglewill be mappedto a genuinerectanglein R? of width o and height 2.

Applicationof parts(ii) and(iv) now yieldsthattheareaof V equals2«. In particulay S? is the
sphericaldiangleof angle2s, whichimpliesthatits areais 4.

Solution of Exercise0.3

() Theassertiorfollows from thatfactthat /1y, is a continuousfunction on the compactset V.

(ii)

Furthermore £ consistof morepointsthantheorigin alone.

Themethodof Lagrangemultipliersgivesthat /1y, is extremalatpointsx € V for whichthere
exist A € R? satisfying

(%) ij:2k1ajxj+)uzpj (1§j§3)-
Takingtheinnerproductwith x we obtain

2||x||? = 2 Z a;x? + hp(p. x) = 21, hence m = |x||? = A1
1<j=<3

Consideffirst thecaseof A, = 0. Then(x) implies
xj(l—maj)=0 (1<j<3.

If two of thecoordinate®f x areequalto O, thentheconditionx € P forcesthethird coordinate
to be O, but thenx ¢ E. Consequentlywo of thesecoordinatesdiffer from 0, which implies
0=1-ma; =1—ma;j, fori # j, thatis, a; = a;, acontradiction. Hencei, # 0. If

ma; — 1 = 0, for somej, then (x) implies A,p; = 0; andthus p; = 0, a contradiction.
Furthermorewe obtainfrom (x)

A2 pj .
==—"7 1<j<3).
Y 21— ma; 1=j=3
Butnow x € P gives
2 2
A )2 P;
52 T I =0, andso § J 1= 0.

1<j<3 = M4 1<j<3 M4 T



