MIDTERM COMPLEX FUNCTIONS

APRIL 17 2013, 9:00-12:00

e Put your name and studentnummer on every sheet you hand in.

e When you use a theorem, show that the conditions are met.

Exercise 1 (7 pt) Prove that a triangle with vertices a,b,c € C taken in
the counter-clockwise order is equilateral if and only if

a4+ wb+w=0,
- 27
where w = '3 .

Exercise 2 (10 pt) Is there an analytic function f : U — C defined on
some open subset U C C such that

a. Re f(z) = |2]* 7 b. Re f(z) = log(|z|*) ?
Exercise 3 (10 pt) Let
P(z)=2"+ap 12" '+ + a1z +ap

be a polynomial of degree n > 1 with coeffcients a; € Cfor j =0,1,...,n—1.
Prove that

max |P(z)] > 1

|z|<1
with equality attained only for P(z) = 2". Hint: Apply the Maximun Mo-
dulus Principle for the polynomial Q(w) = w"P (%)

Exercise 4 (8 pt) Compute

2+1\°
71 dz,
v \FT T
where + is the circle |z — 1| = 1 oriented counter-clockwise and traced once.
Turn the page!




Exercise 5 (10 pt) Is there an analytic function f on the open unit disc

such that . )
,I/TL
(%)=

Bonus Exercise (10 pt) A convez hull of a finite number of points 21, 22, ..., 2, €
C is the minimal convex subset of C containing all these points.

foralln>27

Let .

P(z)=2"4+ay 12" "+ +tarz+ag = H(z — 2k)

k=1

be a polynomial of degree n > 2 with coeffcients a; € Cfor j =0,1,...,n—1.
Prove that roots of P’(z2) lie in the convex hull of the roots z1, 29, ..., 2, of
P(z) in C.
Hint: A point z € C is in the convex hull of the points z1, 23, ..., 2, if and
only if

n
z = E )\kzk
k=1

for some A\j, > 0 with Z A = 1.
k=1



