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Measure and Integration: Quiz 2012-13

1. Consider the measure space ([0,1),B([0,1)),\), where B([0,1)) is the Borel o-
algebra restricted to [0,1) and A is the restriction of Lebesgue measure on 0,1).
Define the transformation T : [0,1) — [0, 1) given by

32 0<a<1/3,
T(x) = { 3z—1, 1/3<x2<2/3
Jr—2, 2/3<uz<1.

(a) Show that T is B([0,1))/B([0, 1)) measurable.
(b) Determine the image measure T(X\) = Ao T~
(c) Let C = {A € B([0,1)) : T"'A = A}. Show that C is a g-algebra.

2. Let B(R") be the Borel o-algebra over R", and let B(R™) be the completion of
B(R™) (In the notation of exercise 4.13, p.29, if A= B(R"), then A* = B(R")). The
o-algebra B(R™) is called the Lebesgue o-algebra over R™. Let n =1 and suppose
M C R is a non-Lebesgue measurable set (i.e. M ¢ B(R)). Define A = {(z,%) €
R?:z e M}, and let g: R — R? be given by g(x) = (z, ).

" (a) Show that A € B(R?) i.e. Ais Lebesgue measurable.
(b) Show that g is a Borel measurable function, i.e. g Y(B) € B(R) for each
B € B(R?).
(¢) Show that A ¢ B(R?), i.e. A is not Borel measurable.

3. Consider the measure space (R, B(R), \), where B(R) is the Borel o-algebra over R,

and ) is Lebesgue measure. Let f, : R — R be defined by

on_y

fala) = Z ;; Ao ke, o2 L
k=0
(a) Show that f, is measurable, and ful) < frpi(w) forall v € X,
(b) Let f(z) = x1lgy(x). Show that f is B(R)/B(R) measurable.
Prove that f(r) = nlgljlo folr) = sup fulx) for all x € R.

n>t

___=lc)
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(d) Show that [ fdA = 5

L

1o Let (VoA ) he a measure space, and o = AMILA) satisfving [y < . For
@ = 0 (o real number) set B, = {r 2 X culr) > at.
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(a) Show that for any a > 0 one has

alp,(z) < u(z) forall r € X.

(b) Prove that u(B,) < oo for all a > 0.

(c) Assume that u(z) > 0 for all # € X, i.e. u is strictly positive. Show that y is
o-finite, i.e. there exists an exhausting sequence A, X with ;(A4,) < oo.
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