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Measure and Integration: Quiz 2015-16

1. Consider the measure space ([0, 1),B([0, 1)), λ), where B([0, 1)) is the Borel σ-
algebra restricted to [0, 1) and λ is the restriction of Lebesgue measure on [0, 1).
Define the transformation T : [0, 1)→ [0, 1) given by

T (x) =


3x 0 ≤ x < 1/3,

3
2
x− 1

2
, 1/3 ≤ x < 1.

(a) Show that T is B([0, 1))/B([0, 1)) measurable, and determine the image mea-
sure T (λ) = λ ◦ T−1. (1 pt.)

(b) Let C = {A ∈ B([0, 1)) : λ(T−1A∆A) = 0}. Show that C is a σ-algebra. (Note

that T−1A∆A =
(
T−1A \ A

)
∪
(
A \ T−1A

)
). (1 pt.)

(c) Suppose A ∈ B([0, 1)) satisfies the property that T−1(A) = A and 0 < λ(A) <
1. Define µ1, µ2 on B([0, 1)) by

µ1(B) =
λ(A ∩B)

λ(A)
, and µ2(B) =

λ(Ac ∩B)

λ(Ac)
.

Show that µ1, µ2 are measures on B([0, 1)) satisfying

(i) T (µi) = µi, i = 1, 2,

(ii) λ = αµ1 + (1− α)µ2 for an appropriate 0 < α < 1.

(1.5 pts.)

2. Consider the measure space (R,B(R), λ), where B(R) is the Borel σ-algebra over R,
and λ is Lebesgue measure. Define f on R by f(x) = 2x1[0,1)(x).

(a) Show that f is B(R)/B(R) measurable. (1 pt.)

(b) Find a sequence (fn) in E+ such that fn ↗ f . (1 pt.)

(c) Determine the value of
∫
f dµ using only the material of Chapter 9. (1 pt.)

(d) Let C = σ({{x} : x ∈ [0, 1)}) andA = {A ⊆ [0, 2) : A is countable or Ac is countable}.
Show that f is C/A measurable and C = A ∩ [0, 1). (Here we are seeing f as
a function defined on [0, 1)) (1 pt.)

3. Consider the measure space ([0, 1]B([0, 1]), λ), where λ is the restriction of Lebesgue
measure to [0, 1], and let A ∈ B([0, 1]) be such that λ(A) = 1/2. Consider the real

function f defined on [0, 1] by f(x) = λ
(
A ∩ [0, x]

)
.

(a) Show that for any x, y ∈ [0, 1], we have

|f(x)− f(y)| ≤ |x− y|.
Conclude that f is B(R)/B(R) measurable. (1 pt.)

(b) Show that for any α ∈ (0, 1/2), there exists Aα ⊂ A with Aα ∈ B([0, 1]) and
λ(Aα) = α. (1.5 pts.)
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