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(1) Let (X, A, u) be a finite measure space, and f € M(A). Show that for every ¢ > 0, there exists
aset A€ Aand k> 1 such that u(A) < e and |f(x)| <k for all z € A°. (1 pt)

(2) Consider the measure space [0,1],B([0,1]),\) where A is Lebesgue measure on [0,1]. Define

nw
un(x) = T for z € [0,1] and n > 1. Show that
nx
li ——dA\ =0.
B Joy T2 D) =0
(1.5 pts)

(3) Let p and v be finite measures on (X,.A). Show that p and v are mutually singular if and only
if for every € > 0, there exists a set E € A such that u(E) < € and v(E°) < e. (2 pts)

(4) Let (X, A, u) be a measure space, and (uy,), C LP(u) converging in £P(p) to a function u € L£P(u).
Show that for every e > 0 there exists § > 0 such that if A € A with u(A) < 8, then [, |u,|P dp < e
for all n > 1. (2 pts)

(5) Consider the measure space ([0, 00), B(]0,00)), A), where B([0,00)) is the Borel o-algebra, and A
is Lebesgue measure on [0,00). Let f(z,y) = ye~ 7" for 0 < 2,y < co.

(a) Show that f € £1(\ x \), and determine the value of f[o 00)X[0,00) fdAxMN). (1pt)

2
(b) Prove that f[07<><> ooy £ AAXA) (f[o (x)) . Use part (a) to deduce the value
of f[o,oo) e’ d/\(x). (1 pt)

6) Let (X, A, 1) be a o-finite measure space, and Let (u;); € LP(u), p > 1. Suppose (u;),; converges
)i )i
to u p1 a.e., and that the sequence ((u?)~) is uniformly integrable. Prove that

liminf/ufl du > /up du.
n—oo

(1.5 pts)



