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(1) Consider the measure space ([0,1),B([0,1)), A), where B(]0,1)) is the Borel o-algebra restricted
to [0,1) and X is the restriction of Lebesgue measure on [0,1). Define the transformation T :
[0,1) — [0,1) given by

3z 0<z<1/3,
T(x) =4 3z—1, 1/3<z<2/3

3x—2, 2/3<z<1.

(a) Show that T is B([0,1))/B(][0,1)) measurable. (0.5 pts)

(b) Determine the image measure T'(\) = Ao T~1. (0.5 pts)

(c) Show that for all f € £1()) one has, [ fdA = [ foTd\. (0.5 pts)

(d) Let C={A € B([0,1)) : A(T"*AAA) = 0}. Show that C is a o-algebra. (0.5 pts)

(2) Consider the measure space ((0,00), B((0,00)), A), where B((0,00)) is the restriction of the Borel
o-algebra, and A\ Lebesgue measure restricted to (0, 00). Determine the value of

lim cos(z9)

n— oo (O,n) 1 + TL.’L’2

d\(x).

(2 pts)

(3) Let (X, A, ) be a finite measure space, and 1 < p, ¢ < oo two conjugate numbers (i.e. 1/p+1/q =
1). Let g € M(A) be a measurable function satisfying

/ ol di < CIIf1l,

for all f € £P(p) and for some constant C.

(a) Forn >1,let B, = {x € X :|g(z)| <n} and g,, = 1g,|g|??. Show that g, € LP(u) for all
n>1. (0.5 pts)

(b) Show that g € £(u). (1.5 pts)

(4) Let (X, A, i) be a o-finite measure space, and (f;) a uniformly integrable sequence of measurable
functions. Define Fj, = sup; <<y, |f;| for k > 1.
(a) Show that for any w € M (A),

k
/ deMSZ/ £l dp.
{Fi>w} j=17{lfI>w}
(0.5 pts)
(b) Show that for every e > 0, there exists a w. € £} (1) such that for all k > 1

/deug/wedu—&-ke.
b's b's

(1 pt)
(¢) Show that

(0.5 pts)
(5) Consider the measure space (R, B(R),\), where B(R) is the Borel o-algebra, and A Lebesgue
measure. Let k,g € £1()\) and define F: R? - R, and h: R — R by

F(z,y) = k(z —y)g(y).



(a) Show that F' is measurable. (1 pt)
(b) Show that F' € £1(\ x \), and

[ reman e = ([ soaw) ([ amaw).

(1 pts)



