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Measure and Integration: Quiz 2014-15

1. Consider the measure space (R,B(R), λ), where B(R) is the Borel σ-algebra over R,
and λ is Lebesgue measure. Let fn : R→ R be defined by

fn(x) =
2n−1∑
k=0

3k + 2n

2n
· 1[k/2n,(k+1)/2n)(x), n ≥ 1.

(a) Show that fn is measurable, and fn(x) ≤ fn+1(x) for all x ∈ R. (1 pt)

(b) Show that
∫

sup
n≥1

fn dλ =
5

2
. (2 pts)

2. Let X be a set, and C ⊆ P(X). Consider σ(C), the smallest σ-algebra over X
containing C, and let D be the collection of sets A ∈ σ(C) with the property that
there exists a countable collection C0 ⊆ C (depending on A) such that A ∈ σ(C0).

(a) Show that D is a σ-algebra over X. (2 pts)

(b) Show that D = σ(C). (1 pt)

3. Let (X,A, µ) be a finite measure space (so µ(X) <∞), and T : X → X an A/A-
measurable function satisfying µ(A) = µ(T−1(A)) for all A ∈ A. For n ≥ 1, denote
by T n = T ◦ T ◦ · · · ◦ T the n-fold composition of T with itself.

(a) For B ∈ A, let D(B) = {x ∈ B : T n(x) /∈ B for all n ≥ 1}. Show that
D(B) ∈ A. (1 pt)

(b) For n ≥ 1, let D(B)n = T−n(D(B)). Show that µ(D(B)n) = µ(D(B)), for
n ≥ 1, and that D(B)n ∩D(B)m = ∅ if n 6= m. (1 pt)

(c) Show that µ(D(B)) = 0. (1 pt)

(d) Suppose A ∈ A satisfies the property that if B ∈ A with µ(B) > 0, then
there exists n ≥ 1 such that µ(A ∩ T−nB) > 0. Show that µ(A) > 0, and if
additionally T−1(A) = A, then µ(A) = µ(X). (1 pt)
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