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(1) Let (X, B, v) be a measure space, and suppose X = U E,,, where {E,} is a collection of pairwise

n=1

disjoint measurable sets such that v(E,,) < oo for all n > 1. Define p on B by u(B) = Z 27"v(BN
n=1

En)/(v(En) +1).
(a) Prove that p is a finite measure on (X, B). (10 pt.)
(b) Let B € B. Prove that u(B) = 0 if and only if v(B) = 0. (10 pt.)

(2) Consider the measure space (R, B(R),\), where B(R) is the Borel o-algebra, and A Lebesgue
measure. Determine the value of lim z? (1 - E) dA(z). (20 pt.)
n

n—oo (0,”)
(3) Let X be a set, and C C P(X). Consider o(C), the smallest o-algebra over X containing C, and
let D be the collection of sets A € o(C) with the property that there exists a countable collection
Co C C (depending on A) such that A € o(Cp).
(a) Show that D is a o-algebra over X. (12 pt.)
(b) Show that D = o(C). (8 pt.)

(4) Let (X,A, 1) and (Y, B,v1) be o-finite measure spaces. Suppose f € L'(u1) and g € L' (1) are
non-negative. Define measures pus on A and v, on B by

,ug(A):/Afdul and VQ(B):/Bngl,

for Ae Aand B € B.
(a) Foro De A Bandy €Y, let D, ={z € X : (z,y) € D}. Show that if y1(D,) =0 v1 ae.,
then po(Dy) =0 v5 ae. (7 pt.)
(b) Show that if D € A® B is such that (u; x v1)(D) =0 then (u2 X v2)(D) = 0. (6 pt.)
(¢) Show that for every D € A® B one has

(2 x v2)(D) = /D F@)g(y) dln x 1) (@, ).

(7 pt.)

(5) Let (X, A, ) be a probability space and let f € M(A). Suppose (f,) C M(A) converges in
measure to f, i.e. fy, £, f.
(a) Show that there exists a sequence n; < ng < --- such that

p{z € X ¢ [ fu, (2) = f(2)| > 1/k}) < 27F,
for all k > 1. (8 pt.)

(b) Let Ay = {x € X : |fn,(2) — f(z)| > 1/k} and A = (] | ] Ax. Show that p(A) = 0, and

n=1k=n

limy, 00 fn, () = f(x) for all x ¢ A. Conclude that f,, — f 1 a.e. (12 pt.)



