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(1) Consider the measure space ([0,1]5([0,1]), A), where B([0,1]) is the restriction of the Borel o-
algebra to [0,1], and A is the restriction of Lebesgue measure to [0,1]. Let Ei,---,E,, be a
collection of Borel measurable subsets of [0,1] such that every element x € [0, 1] belongs to at
least n sets in the collection {£;}7",, where n < m. Show that there exists a j € {1,---,m}

such that A(E;) > —. (1 pt)
m

(2) Let (X,F,u) be a measure space, and 1 < p, g < oo conjugate numbers, i.e. 1/p+1/g =1. Show
that if f € £P(p), then there exists g € £%(p) such that ||g||l =1 and [ fgdp = ||f]]p- (1 pt)

(3) Let (X,.A) be a measurable space and p,v are finite measure on A. Show that there exists a
function f € L1 (1) N LY (v) such that for every A € A, we have

Ja=pan= [ rav
(2 pts)

(4) Consider the measure space (R, B(R),\), where B(R) is the Borel o-algebra, and A Lebesgue
measure. Determine the value of

lim 1+ 5y (1 — sin 2) d\(x).

n—=o0 J(o.n) n n
(2 pts)

(5) Let By = E5 = N = {1,2,3,---}. Let B be the collection of all subsets of N. and p; = ug be
counting measure on N. Let f: By X E3 — R by f(n,n) =n, f(n,n+1) = —n and f(n,m) =0
for m #mn,n+ 1.
(a) Prove that [ [5 f(n,m)dus(m)dui(n) = 0. (0.75 pt)
(b) Prove that [ [ f(n,m)dui(n)dus(m) = occ. (0.75 pt)
(c) Explain why parts (a) and (b) do not contradict Fubini’s Theorem. (0.5)

(6) Let (X, A, ) be a o-finite measure space, and (f;) a uniformly integrable sequence of measurable
functions. Define Fj, = sup; ;< |f;| for k > 1.
(a) Show that for any w € M™(A),

k
Fan<d [ iglde
/{Fk>w} ; D!
(0.5)
(b) Show that for every e > 0, there exists a w. € £} (1) such that for all k > 1

/deug/wedu—&-ke.
X X

(1 pt)
(¢) Show that

(0.5 pt)



