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Measure and Integration: Extra Retake Final 2015-16

Consider the measure space ([0, 1]8(]0,1]), A), where B([0,1]) is the restriction of the Borel o-
algebra to [0,1], and A is the restriction of Lebesgue measure to [0,1]. Let Ey,---,E,, be a
collection of Borel measurable subsets of [0,1] such that every element x € [0, 1] belongs to at
least n sets in the collection {£;}7",, where n < m. Show that there exists a j € {1,---,m}

such that A(E;) > —. (1 pt)
m

Solution: By hypothesis, for any = € [0,1] we have Z 1g,(r) > n. Assume for the sake of
j=
getting a contradiction that A\(E;) < 2 for all 1 < j < m. Then,
m

n:/ nd/\S/ZIEj(x)d)\:ZA(Ej)<Z£:n,
[0,1] j= =1 = m
a contradiction. Hence, there exists j € {1,---,m} such that A\(E;) > %

Let (X, F, ) be a measure space, and 1 < p, g < oo conjugate numbers, i.e. 1/p+1/¢g =1. Show
that if f € £P(p), then there exists g € £%(p) such that ||g||l; =1 and [ fgdp = ||f]]p- (1 pt)

p—1
Solution: Note that g(p — 1) = p, so we define g = sgn(f) ( / ) . Then,

TiE
I
Tdy = du=1.
/'9' m= et

So ||lg]lg =1 and

- e,
/fgdu —/Ifg\du = [ g dn =17l

Let (X,.A) be a measurable space and p, v are finite measure on A. Show that there exists a
function f € £ (1) N LY (v) such that for every A € A, we have

Ja=pan= | v

Proof: First note that y+ v is a measure (Exercise 4.6(ii)), and that y < p+v. By using a stan-
dard argument (first checking indictor functions, then simple functions, then positive functions,
then general integrable functions) one sees that for any g € £*(u+v) one has g € LY (u) N LY (v),

and
/gd(u—ku):/gd,u—i—/gdu.

Now the condition [,(1—f)du = [, f dvis equivalent to u(A) = [, f d(p+v). Since p < ptv,
then by Radon-Nikodym Theorem there exists f € £} (1 + v) such that u(A) = [, fd(p+v).
Thus, f € LY (p)N LY (v) and [,(1— f)dp = [, fdv forall Aec A

1

(2 pts)



(4)

Consider the measure space (R,B(R), ), where B(R) is the Borel o-algebra, and A Lebesgue
measure. Determine the value of

. T\ T
nh—{%o (O,n)(1+g) (1 smn)d)\(a:).

(2 pts)

Solution: Let u,(x) = 1(g,,)(1+£) "™ (1 —sin £). The positive sequence ((1 + %)*”)n decreases
to e7"1(g,0) and the sequence (1 — sin %)n is bounded from below by 0 and from above by 2 and
converges to 1 as n — oo. Thus, limy, o0 1y (2) = 1(g,c0ye™ ™, and 0 < up(2) < 2(1 + £) 721 o)
for n > 2 and all x € R. Since the function 2(1+ %)_21(0’00) is measurable, non-negative and the
improper Riemann integrable on (0, 00) exists, it follows that it is Lebesgue integrable on (0, c0).
By Lebesgue Dominated Convergence Theorem (and taking the limit for n > 2), we have

lim (1+ E)_”(1 — sin E) d\z) = lim [ up(x)dA(z)

n—oo (O,’ﬂ) n n n—oQ

= /1(0,00)67:” d\(z) :/ e Tdr=1.
0

Let By = E5 = N = {1,2,3,---}. Let B be the collection of all subsets of N. and p; = ug be
counting measure on N. Let f: By X E3 — R by f(n,n) =n, f(n,n+1) = —n and f(n,m) =0
for m #mn,n+ 1.

(a) Prove that [ [5 f(n,m)dus(m)dui(n) = 0. (0.75 pt)

(b) Prove that [ [ f(n,m)dui(n)dus(m) = oco. (0.75 pt)

(c) Explain why parts (a) and (b) do not contradict Fubini’s Theorem. (0.5)

Proof (a) For each fixed n one has

: f(n,m)dps(m) = f(n,n)uz({n}) + f(n,n+ Dpa({n + 1}) = 0.
Thus, [, [g, f(n,m)duz(m)dui(n) = 0.
Proof (b) For each fixed m,

: fn,m)dpi(n) = f(m,m)ui({m}) + f(m —1,m)u({m —1}) = 1.
Thus, [ [, f(n,m)dpi(n)dpz(m) =[5, 1dpa(m) = pa(E2) = 0.

Proof (c) Parts (a) and (b) do not contradict Fubini’s Theorem because the function f is not
1 X po integrable. This follows from

/E1 /E2 [f (n,m)|dpz(m)dps(n) = /El 2ndyiy (n) :izn: o

Let (X, A, ) be a o-finite measure space, and (f;) a uniformly integrable sequence of measurable
functions. Define Fj, = sup; ;< |f;] for k > 1.
(a) Show that for any w € M (A),

k
Fean <y [ ipldn
/{Fk>w} ; {lfjI>w}
(0.5)
(b) Show that for every € > 0, there exists a w. € £} (u) such that for all k > 1

/de/LS/wedu—&-k:e.
X X

(1 pt)



(¢) Show that

(0.5 pt)
Proof (a) Let w € M™*(A), then

k
/ Fk du
{Fr>w}

IN

/ Fk du
{Fr>win{|f;|=Fk}

Jj=1

k
< / |fi.] dp.
]; Uflswy

Proof (b) Let € > 0. By uniform integrability of the sequence (f;) there exists we € L1 (u) such

that
/ fldu < e
{Ifjl>we}

for all j > 1. By part (a)

k
/ deuSZ/ |fildp < ke.
{Fr>w} j=1 {Ifj|>we}

/ de,LL
X

Now,

/ Fidp + / Fidy
{Fr>w} {Fr<we}
< ke—|—/ We dt.

X

Proof (c) For any € > 0, by part (b),
1 1
— Frdy < — ed .
A Pees fmedne

1
limsup%/ Frpdu <e,
X

k—o0

Thus,

for any €. Since F}, > 0, we see that

1 1
limsupf/ Fydp = lim 7/ Fy. dp = 0.
k—o0 k' X k—o0 k X



