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Measure and Integration: Solution Final 2016-17

(1) Consider the measure space [1,00), B([1,00]), \) where B([1,c]) is the Borel o-algebra and A is
the Lebesgue measure restricted to [1,00). Show that
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(Hint: lir% sin(x)/xz = 1) (2 pts)
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nsin(z/n) . . :
Proof: Let u,(z) = ——5——, then u,, is continuous on [1,00) and hence is measurable. Note
T

1
that |sin(y)| < y for all y > 0, hence u,(2) < 1/2*. Furthermore, lim u,(x) = —. Since the
n—o00 T

1
function — is positive, measurable and the improper Riemann integral on [1,00) exists, it follows
x

it is Lebesgue integrable on [1,00). By Lebesgue Dominated Convergence Theorem we have

lim nsin(@/n) ) = /[ lim 7"8”1(5/") dA(z)

n—oo [1700) Jj‘g 1700) n—oo X

1
= — d\x
/“,OO)IQ ()
1
(R)/1 dr=1

(2) Let (X,A,n) be a finite measure space, and ® : [0,00) — [0,00) a monotonically increasing

function such that lim () =00. Let M > 0, and
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f:{feﬁl(u):/X@O\flduéM}

(a) Prove that for each € > 0, there exists a real number N > 0 such that for all f € F one has

€
[ s [ welsian
{IfI>N} {|f|>N}
(1 pt)

(b) Let 1 < p < oo and (f,,) be a sequence of measurable functions such that f? € F for n > 1.
Assume that f, & f ie. (fn) converges to f in p measure with f € £P(y). Show that
Tim £ — f1ly = 0. (1 pt)

Proof (a): First note by Exercise 2(a) of hand-in set 3 that ® is Borel measurable. Let ¢ > 0,

since lim (r) = oo one can find N > 0 such that % > M for all » > N. Hence, if f € F,
r—oo T r €
) M
and z € {z € X : |f|(z) > N} then W > = e |f|(z) < ﬁ@ﬂf\(m)). Thus,
€
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Proof (b): We first show that the collection F is uniformly integrable. Let € > 0, and N as in
part (a). Since u(X) < oo, then the constant function w.(z) = N is in £(u). Since ® o |f]| > 0,
by part (a) we have for any f € F,

€ €
Iflduﬁ—/ <I>0|f|du§f/<1>0|f\du§6~
/{f|>N} M Jqp>ny M Jx

Hence, the collection F is uniformly integrable. Since the function x — zP is continuous, by
Exercise 6.10 (iii) we see that f2 £ f7. Since f? € F, the sequence (| f,|") is uniformly integrable,
hence by Vitali’s Theorem lim ||f, — f||, = 0.

n— oo

Consider the measure space (R, B(R),\), where B(R) is the Borel o-algebra, and A is Lebesgue
measure.

(a) Prove that for f € £1()\), and n € Z one has flx+n)d\(z) = / f(z) d\(z).

, [n,n+1]
(1.5 pts) o "
(b) Let f € £LY(X), and define g(x) = 1j91)(x Zf x +n). Show that g € £1()\) and that
nez
[ st ix@ = [ f)axa)
R R
(1 pt)

Proof (a): We use the standard argument. First assume f = 14 where A € B(R). Note that
for any € R and n € Z, we have 14(x + n) = 14_,(z). Since X is translation invariant, then

A([O, 11N (A—n)) - A([n,n+ 1] nA). Now,

/[0,1] La(e+n)dMe) = /R Ljo.1jn(a—n)(d) dA(z) = A([O, 11N (A— n))7
and

/[n - 1a(z)dA\(z) = /Rl[n,n—&-l]rm d\(z) = )\([n,n +1]N A)_

Thus, / 1a(z+n)di(z) = / 14(z) d\(z). Assume now that f = Za’ilAi be a non-
[0,1] [n,n+1] i=0
negative measurable simple function (so 4; € B(R)), using the linearity of the integral, we have
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— Za/ 14 (z +n)d\(z)

f( +n) dA(z)
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/ S a4, (x) dA(x)
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= / f(z) d\(z).
[n,n+1]

Now, assume f is a non-negative integrable function. Then there exists an increasing sequence
(fm) of non-negative simple functions with f,,  f (pointwise). Thus, for eaxh z € R and n € Z

we have fm(x =+ TL) /l f(SU + n) [0 1]( )fm(l' + TL) /‘ 1[0 1]( )f(iL’ + TL), and 1[n,n+1](x)fm(x) /‘



14 n411(2) f (). By Beppo-Lévy we have

fl@+n)dA(z) = sup fm(z +n) dX(z)
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= sglp /[n,n+1] fm(2) dX(x)
- / F(2) d\ (@),
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Finally, assume f € £'(\), then f*, f~ are non-negative integrable functions,hence

flz+n)dr(z) = [ (@ +mn)d\(z) - [~ (x+n)dA(z)
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Proof (b): Using Corollary 9.9 and part (a), we have
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= / |f(z)]d\ < 0.
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Hence g € £*(\). Note that the above shows that the series g(z) = 1y qj(x Zf x +mn)is
ne
absolutely convergent A\ a.e. and that Z/ |f(z 4+ n)|d\ = / |f(z)|d\ < oo. Hence by
nez [0,1] R

Exercise 11.4 (i.e. applying Lebesgue Dominated Convergence Theorem) we have

/Rg(z) d\(z) = /[0 1]9(17) d\(x)

= > f(x +n)d\(z)
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(4) Let (X, A, u) be a measure space, and p,q € (1,00) and r > 1 be such that 1/r = 1/p + 1/q.
Show that if f € LP(u) and g € L9(p), then fg € L7(n) and || fgl[, < [[fll5 |lgllq- (1.5 pts)

Proof: Let p’ = p/r and ¢’ = q/r, since 1/r = 1/p+ 1/q we have 1 = 1/p’ + 1/¢’. Suppose
feLr(u)and g € L9(u), and set F'= f" and G = ¢g". Then,

/IFI”/du=/|f|pdﬂ<oo,



and

/IG\"’ du:/lgl“du<oo-

Hence, F' € £P (1), and G € £7 (11). By Holder’s inequality we have (fg)" = FG € £ (1), which
implies fg € L"(n), and
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equivalently, [[fgll» < |fllpllgllq-
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Hence,

(5) Let E={(z,y): 0<z<1,0<y< oo} Weconsider on E the restriction of the product Borel
o-algebra, and the restriction of the product Lebesgue measure A x A. Let f: E — R be given
by f(x,y) = e ¥Ysin(2zy).

(a) Show that f is A x X integrable on E. (0.5 pts)
(b) Applying Fubini’s Theorem to the function f, show that

e} 2
_ysin“(y) dN(y) — log 5
| et - =52

(Hint: use integration by parts twice to calculate (R)/ e Ysin(2zy) dy) (1.5 pts)
0

Proof(a) Notice that f is continuous, and hence measurable. Furthermore, |f(z,y)| < e V.
The function g(y) = e ¥ is non—negative measurable, and the improper Riemann integral exists
and is finite. Hence, f(o sy €V AA(Y) R) [y ¥ dy = 1. By Tonelli’s Theorem

/E P y)ldO x N(wy) < /E eVd(\ x \)(z, y)

_ /O 1 /O " eV M (y) dA(x)
= /01 1d\(z)

= 1< o0

This shows that f is A x A integrable on E.
Proof(b) By Fubini’s Theorem,

/Ef(ac y)d(A x A) = /01)/000)6 Ysin(2zy) dA(y) dA(z /000)/01)6 Ysin(2zy) dX\(x) dA\(y).

An easy calculation shows that the Riemann integral
.2
1 — cos(2y) - (y)
2y Y

1
(R)/ e Ysin(2zy) de = e™Y
0

oo
We now show that (R) / e~ Y sin(2zy) dy exists and is finite. This is done by first integrating
0
twice by parts to get

(R)/ e Ysin(2zy) dy = 2z — 4332(R)/ e Y sin(2zy) dy,
0 0
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and hence (R) /0 e Ysin(2zy) dy = 1—}—7:51902 This shows that
2z

/(o,oo) e Ysin(2zy) dA(y) = (R)/O e Ysin(2zy) dy = 1o a2

2
Since the function TZQ is continuous on [0, 1], the Rimann integral equals the Lebesgue
x

integral, hence

2z 2 1 9, log 5
/(0,1) W‘Wﬂf) - /[071] mw\@) = (R)/O a2 dx = T

From the above we have

/ T eI ) gy = [ s <o =52,
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