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Measure and Integration: Solutions Mid-Term, 2020-21

Let X be a set and u, v two outer measures on X, i.e. u,v: P(X) — [0, oo] satisfying the three
properties:

(i) u(@) =v(2) =0,
(i) if A, B e P(X) with A c B, then u(A) < u(B) and v(A) <v(B) (1 and v are monotone),
(iii) if (Ay) is a sequence in P(X), then pu(U, An) < ¥, p(A,) and v(U, 4,) <X, v(An).

Define p : P(X) - [0,00] by p(A

) = max(u(A),v(A)). Show that p is an outer measure on X,
i.e. satisfies properties (i), (ii) and (iii).

(2 pts)

Proof: p(@) =0 is immediate since max(0,0) = 0. The second property is also immediate since
if Ac B, then u(A) < p(B) and v(A) < v(B), hence

p(A) = max(u(A), v(A)) < max(u(B), v(B)) = p(B).
Now let (A, )nen be a sequence in P(X), then

p(U 40) = max (u(J 4.0 4,))

< max( i:: w(Ay) A"))

X(p(An), v(An))
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where the second inequality follows from the fact that Yy p(A4,) < Y max(u(A4,),v(4,)), and

n=1 n=1
> v(Ay) < Y max(u(Ay),v(Ay)). Thus, p is an outer measure on X.
n=1 n=1

Counsider the measure space ([0,1],B8([0,1]), ), where B([0,1]) is the Borel o-algebra restricted
to [0,1] and X is the restriction of Lebesgue measure on [0,1]. Define a map w: [0,1] = [0,1] by
u(z) =2z - Iro, 1y + (2-2x2) “If1 1), where Iy denotes the indicator function of the set A.

(a) Show that w is B([0,1])/B([0,1]) measurable, and determine the image measure u(\) =
Aou~t. (2 pts)

(b) Let C = {A e B([0,1]) : )\(u’l(A)AA) = O}. Show that C is a o-algebra. (Note that

“L(A)AA = (u‘l(A) \ A) U] (A \ u‘l(A)). (2.5 pts)

Proof(a): To show u is B([0,1])/B([0,1]) measurable, it is enough to consider inverse images
of intervals of the form [a,b) c [0,1]. Now,

-1 _ g é . 2-b 2-a
w (@) =[5 5) W[5 75 ) e B0.1]).

Thus, u is measurable. Another quick way of showing measurability is to notice that the functions
¢ — 2z and z - 2 -2z are continuous and hence Borel measurable. Furthermore Ijo 1) and Ij1
1




are Borel measurable since [0,1),[3,1] € B([0,1]). Since products and sums of measurable
functions are measurable, we see that u is also Borel measurable.

We claim that u(A) = A. To prove this, we use Theorem 5.7. Notice that B([0,1]) is generated
by the collection G = {[a,b] : 0 <a <b< 1} u{@} which is closed under finite intersections. Now,

COfat]) = Mo ()
(RS RV
b—a=MA([a,b]).

Since the constant sequence ([0, 1]) is exhausting, belongs to G and A([0,1]) = w(A([0,1]) =1 < oo,
we have by Theorem 5.7 that u(\) = A.

D

Proof(b): We check the three conditions for a collection of sets to be a o-algebra. Firstly, the
empty set @ € B([0,1]) and ™' (&) = @, hence /\(u_l(Q)AQ) =M(@) =0, so @ €C. Secondly, Let

AeC, then A(u"'(4)AA4) = 0. We have
Au(4)°a4%) = A(u (4)A4) =

with A° e B([O, 1]), hence A€ e C. Thirdly, let (A,,) be a sequence in C, then A,, € B([0,1)) and
)\( n) 0 for each n. Since B([0,1]) is a o-algebra, we have U,, 4,, € B([0,1]), and

u (UAn) = Ju™ (4n).
An easy calculation shows that ' '
wH(UADAUA, cU(u ! (4,)A4,).
By o-subadditivity and monoT‘Luonicity Zf A, Wenhave
)\(u‘l( gAm)ALgAn)) < )\( LnJ (u‘l(An)AAn)) < Z)\(u‘l(An)AAn) -

Thus, | JA,, € C. This shows that C is a o-algebra.

Let (X, .A) be a measurable space and (Ay)nen € A, a partition of X, i.e. A, € A are pairwise

disjoint and X = () A,,. Consider the function u: X — R defined by
neN

u(z) =Y. 27 14, (z).

jeN
(a) Show that ue M(A), i.e. uis A/B(R) measurable. (1.5 pt)

(b) Recall that o(u) = {u‘l(B) : B« B(R)} is the smallest o-algebra on X making u Borel
measurable. Prove that
o(u) =o({An:neN}),

where o({A, : n € N}) is the smallest o-algebra generated by the countable collection
{A, :neN}. (2 pts)

n

Proof(a): For each n €N, define u,(z) = Y. 2’ 14, (). Since A; € A, we see that (u,)pey is an
j=1

increasing sequence of non-negative measurable simple functions, i.e. u, € E*(A) € M*(A), and

u(z) = hm Un(x) = supu, ().
neN

By Corollary 8.10, it follows that u € M(A), i.e. is A/B(R) measurable.

Proof(b): Note that 4, = u‘l({2”}) and {2"} € B(R). Hence, A, € o(u) for all n € N, implying
that o({A, : n € N}) ¢ o(u). We now prove the reverse containment. Let C € o(u), then
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C = u (B) for some Borel set B € B(R). Set N(B) = {n € N : 2" € B} By definition of u, we see
that
C=u'(B)= |) A,ec({A,:neN}).
neN(B)
This shows that o(u) € o({A, : n € N}) and hence o(u) = ({4, : n e N}).



