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Measure and Integration: Final Exam 2020-21

(1) Let (X, A, u) be a measure space and u € £' (). Define the mesure v on A by v(A) = [, |u| dp.
Prove that for any v € £ (v), one has

fvduzf|u|vd,u.

(2) Consider the measure space ((O, 1), B((0,1)), )\), where B((0,1)) is the Borel o-algebra restricted

to the interval (0,1) and A is the restriction of Lebesgue measure to (0,1). Let u € £2(\) be
non-negative and monotonically increasing.

(1.5 pts)

(a) Prove that for any x € (0,1), ugg u(z™) = i(I(l)fl)u(y). (0.5 pt)
n> ye(0,

(b) Let wy(z) = x-u(z™), n> 1. Prove that w, € £L2()\) for all n > 1, and that lim |Jw,(z)2 =

f —. (2 pt
Inf u(y)- =37 (2pts)
(¢) Prove that lim o 2" u(z) d\(z) = 0. (1 pt)
n—>00 0,1
1
(3) Let (X, A, ) be a measure space and 1 < p < oco. Suppose (U )neny € LP (@) with [Juy||, < 5T
p

for n > 1. Prove that ‘ i (%)p| < oo [ a.e. (2 pts)
n=1

(4) Consider the product space ([1,2] x [0,00),B([1,2]) ® B([0,00)), A x /\), where A is Lebesgue
measure restricted to the appropriate space. Consider the fuction f : [1,2] x [0,00) — [0, c0)
defined by f(z,t) = € "0 00 ().

(a) Prove that fe LY(Ax \). (2 pts)

(b) Prove that f(07m)(6_2t - e_4t)%d)\(t) =1n(2). (1 pt)



