Universiteit Utrecht Boedapestlaan 6

Mathematisch Instituut 3584 CD Utrecht

Measure and Integration: Final, 2023-24
You are allowed to bring the old three Ad’s (two-sided) used for the mid-terin and a new
three A4’s (two-sided) covering the material after the mid-term

(1} Let (X.A ) be a probability space and o€ M{A). Assume that o u' e £1{p) with [ u'dy =
j whdye = 1.

{a) Prove that (v? - 1)% e £'(p) and that f(u? = 1)7dp =0, (1 pr)

(h) Prove that there exists asimple function f e £ taking three valies =10 and 1 such that
u=f e (L5 prs)

(c) Prove that tor vz 1.
[ 1w dpr = 1 and f W b = p({re Xty = 1)) - p({r e X u(r) = -1}).
(1 pt)
(2} Cousidder the measure space [001] B([0.1]).A) where A is Lebesgue measure on [0, 1], Define

) = M tor € [0.1] and »# > 1. Show that

l+nts=
i f[ AL} =0,

(1.5 prs)

(31 Let (X, A1) be a measure space and pefl.oo).

lal Let (v )asr e a sequence i £2() such that Z [[e4,]]es < 00, Prove that Z i, € L7 )
nel nEl
aud that || 3 vl € 3 g floc. (1 pt}

nxl nzl

(b Prove that it we £07(pn). then lim n"p({ee XN ojule) > n}) = 00 {15 prs)

) Let X = YV = Zo = {01230} and {0, )00 o sequence of positive real wiunbers such that
2 it, < oo. Let A be the collection of all subsets of Zo and oy = g5 be counting measnre on 2,

i1 21
Loy == z 4o where d,, = Divac measuve concentrated at s Lot v X x ¥ = B be definged
nzh
by
| +a, it w=an.
plo.m) = 1 =a, itn=m+l
0 otherwise.

al Prove rhat f\ f} (oo ydpsfmydpgin) = 1L+ ay. (L pt)
(b} Prove that f, fou(rom)dp(a)dpa{on = ap. (F pt)

(o) Explain why parts< (a) and (b} do not contradice Fubini's Theorem. (005 pri







