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Measure and Integration (WISB 312)
19 April 2005

Question 1

Let f, g : [a,b] — R be bounded Riemann integrable funcions. Show that fg is Riemann integrable.
(Hint: express fg in terms of (f + g) and (f — g)).

Question 2

Consider the measure space (R,Bg,\), where Bg is the Lebesgue o-algebra over R, and \ is
Lebesgue measure. Let f, : R — R be defined by
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In(z) = Z o Likjon (ky1)/27), 1 > 1.
k=0

a) Show that f, is measurable, and f,(z) < fp41(z) for all z € X.

b) Let f(x) =lim,_ fn(x), for z € R. Show that f : R — R is measurable.
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¢) Show that lim, o [; fn(z)dA(z) = 3

Question 3

Let M C R be a non-Lebesgue measurable set (i.e. M ¢ Bg.). Define A = {(z,z) € R? : v € M},
and let g : R — R? be given by g(z) = (z,z).

a) Show that A € Bg:. i.e. A is Lebesgue measurable. (Hint: use the fact that Lebesgue
measure is rotation invariant).

b) Show that g is a Borel-measurable function, i.e. g~!(B) € Bg for each B € Bg2.

c¢) Show that A ¢ Bge, i.e. A is not Borel measurable.

Question 4

Let M ={FE CR: |Al. =|ANE|.+|ANE°| for all A C R}, where |A|. denotes the outer
Lebesgue measure of A.

a) Show that M is an algebra over R. (Hint: AN (E; U Es) = (AN E1)UJ(AN EyNES)).

b) Prove by induction that if Ey,--- , F,, € M are pairwise disjoint, then for any A C R
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c) Show that if Fy, Es,--- € M is a countable collection of disjoint elements of M, then

GEieM.

i=1



d) Show that M is a o-algebra over R.

e) Let C = {(a,0) : a € R}. Show that C C M. Conclude that Bg C M, where Bg denotes
the Borel o-algebra over R.



