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Question 1

Let E, F be sets and let C be a collection of subsets of F'. Suppose T': E — I is a function, and
let
T Ho(C)={T"'A: Aca(C)}

where o(C) is the o-algebra over F' generated by C. Show that T~!(c(C)) is a o-algebra over E,

and that T-1(0(C)) = o(T~1C), where T~1C = {T71A: A e C}.

Question 2

Suppose that ¢ and v and A are finite measures on (F, B) such that u < v and v < A. Show that
du  dp dv
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Question 3

o0
Let v be a o-finite measure on (E,B), and suppose E = U E,, where {E,} is a collection
n=1

of pairwise disjoint measurable sets such that v(E,) < oo for all n > 1. Define p on B by

Zz v(CNE,)/(v(E,) +1).

a) Prove that p is a finite measure on (E, B) which is equivalent to v.

d d
b) Determine explicitly two measurable functions f and g such that f = d—u and g = d—y v a.e.
v H

Question 4

Consider the measure space (R, B(R), A), where B(R) is the Borel o-algebra, and A the Lebesgue
measure.

a) Let f : R — R be measurable, and suppose fR x)dA(x) exists. Show that for all a € R,
one has
/f x — a)d\(z /f YdA(z
b) Let k,g € L*()\). Define F : R? = R, and h: R — R by

F(x,y) = k(z — y)g(y) and h(z) = /R P, y)dA(y)

1. Show that F' is measurable.
2. Show that A(|h| = c0) =0 and [, |h(z)|dA(z) < (f5 |k(2)|dN (@) (fg l9@)]dA(Y)).



Question 5

Consider the measure space ([0, 00), B, A), where B and X are the restriction of the Borel o-algebra
and Lebesgue measure to the interval [0, 00). Define for n > 1, f,, : [0,00) — R by

n+mw ifngxgn—i—%

fn(x) =

T otherwise.

a) Prove that f,, — 7 A a.e. and in A\-measure.

b) Prove that limy, oo A(SUp,, >, |fn — 7| > €) = oo for all € > 0.



