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Question 1

Consider the measure space (R,B(R), ), where B(R) is the Borel o-algebra, and A the Lebesgue

measure.

a) Let f € £1()\). Show that for all a € R, one has
/f x — a)d\(z /f YdA(z
b) Let k,g € £L1()\). Define F : R? — R by

ﬂ%w=kw—wmwaMh@%jéF@wwa

e Show that F' is measurable.

" Show that /|h )ldA(z (/Ik NdA(z )(/'g S )

and A(Jh| = 00) = 0.

Question 2

Consider the measure space ((0,00), B((0,00)), ), where B((0,00)) and \ are the restrictions of the

Borel o-algebra and the Lebesgue measure to the interval (0,00). Show that

lim (1 + E) e 2 d\(z) =1
(0,n) n

n—00

Question 3
Let (X, A, 1) be a probability space (i.e. u(X)=1).
a) Suppose 1 <p < r, and f,, f € L™ (u) satisty lim,, ., || fr. — f|l» = 0. Show that
Tim ([ fu = £l = 0.
b) Assume p,q > 1 satisfy % + % = 1. Suppose f,, f € LP(u), and g,,g € LU(u) satisfy
Jim (| f = Fllp = lim flgn —gllg =0

Show that lim || fngn — fgll1 = 0.

Question 4

Let 0 < a < b. Prove with the help of Tonelli’s theorem (applied to the function f(x,t) =

f[opo)(e_“t e ") 1dA(t) = log(b/a), where A denotes the Lebesgue measure.

e~ ®t that



Question 5

Let (X, A, u1) and (Y, B, v1) be measure spaces. Suppose f € £!(u1) and g € £!(v1) are non-negative.
Define measures ps on A and v5 on B by

uz(A)=/Afdu1 and u2<B>:/Bgdu1,

for Ae Aand B € B.

a) For De A Bandy e Y, let D, = {x € X : (x,y) € D}. Show that if yu;(D,) = 0 vy-a.e.,
then po(Dy) = 0 vs-a.e.

b) Show that if D € A® B is such that (uy x v1)(D) = 0 then (us X v2)(D) = 0.

¢) Show that for every D € A® B one has

(2 x v2)(D) = /D F(@)g) d(m x 1)@, y).



