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1. Consider a 2-period binomial model with Sy = 100, v = 1.5, d = 0.5, and r = 0.25.

2
Suppose the real probability measure P satisfies P(H) =p = 3=1- P(T).
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(a) Consider an option with payoff V5 = < — 105) . Determine the price
V, at time n =0, 1.

(b) Suppose wjwy = HT, find the values of the portfolio process Ag, A;(H) so that
so that the corresponding wealth process satisfies Xy = Vj (your answer in part
(a)) and Xo(HT) = Vo(HT).

(c¢) Determine explicitly the Radon-Nikodym process Zy, Z1, Z,, where

P(W]_UJQ)

Zp(wiws) = Z(wrwy) = P(wiwa)

with P the risk neutral probability measure, and Z; = E;(Z), i =0, 1,.

(d) Consider the utility function U(z) = Inz. Find a random variable X (which
is a function of the two coin tosses) that maximizes E(U (X)) subject to the
condition that E (ﬁ) = 30. Find the corresponding optimal portfolio
process {Ag, A1}

Solution (a): The risk nuetral measure is given by p = 2/3 = 1 — ¢, and the payoff
at time 2 is:

Vo(HH) = 82.5, Vo(HT) = 7.5, Vo(TH) = Vo(TT) = 0.

Now,
Vi(H) = —=[2(825) + 7(75)] = 51,
Vi(T) = 152 (0) + 5 (0] =0,
and
Vi(H) = %[2(51) + }1(0)] — 30.6.

Solution (b):




and

A(H) = S,(HH) = Sy(HT) >
Solution (c): Notice that
Zi(wy, - wy) = Bi(Zs)(wy, -+ wi) = ]P;EZi: :ZZ;
Thus,
Zy(H) = g Z(T) = % Zy = 1.
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Solution (d): The fastest way is to use Theorem 3.3.6. We find that U'(z) = —
x

1

and the inverse I of U’ is also given by I(x) = —. Denoting the Radon Nikodym
x

derivative by Z = Z,, the solution X is given by

X=1 ((1%225)2) = (15225)2'

To find A\, we use the constraint

2(25) - (12%) -
46.875

Hence, A = 1/30, and X = . That is,

X(HH) =37.04, X(HT) = X(TH) = 55.56, X (TT) = 83.33.

The corresponding optimal portfolio can be found using Theorem 1.2.2. Writing
Xy = X ,the wealth process is given by

X, (H) = E (%) (H) = %[2(37.04) + ;1(55.56)] — 33.336,

X\(T) = E, (1)(—25> (T) = %25[2(55.56) + }1(83.33)] = 50.002,

and
1 .3
=150
as required (small discrepancy due to rounding off errors). The optimal portfolio
process is given by

1
(83.336) + (50.002)] ~ 30,

_XH) -X(T)
Ay = NGECG —0.16667,
_ Xo(HH) - Xo(HT) _
A (H) = So(HH) 5, (0T~ —0.1235,
and
A(T) = Xo(TH) = Xo(TT) () ooy

Sy(TH) — S1(TT)



2. Consider the N-period binomial model, and assume that P(H) = P(T) = 1/2 (we
use the same notation as the book). Set Xy = 0, and define forn =1,2,--- N

1, 1fwz:H,
Xi(wr - wn) :{ ~1, ifw; =T

N
and set S, = ZX“ n=20,1,---,N.
i=0

(a) LetY,, =82 n=0,1,---,N. Show that E,(Y,,11) = 14+Y,,n=0,1,--- , N—1.

Conclude that the process Yy, Y7, -+, Yy is a submartingale with respect to P.

(b) Let Z, =Y, —n,n=20,1,---, N. Show that the process Zy, Z1, -+, Zy is a
martingale with respect to P

a®+1

2a

(c) Let a > 0, and define U,, = a°" ( ) . Show that the process

U07U17”'7UN

is a martingale w.r.t. P.

Solution (a): First note that X2 =1forn=1,---,n and E,(Xp11) = E(Xpi1) =
0, this follows from the fact that X,,,; is independent from the first n tosses. Fur-

thermore,
Yn‘f‘l = SZ-H = (Sn + Xn+1)2 = S’I?L + 2Sn)(n-i-l + 1.

Thus,
E,(Yoi1) =82 42S,E,(Xp1) +1=8S2+1=Y, +1,

where we used the fact that at time n, S, is known. Since F,,(Y,11) =Y, +1> Y,
we have that the process Yy, Y7, -, Yn is a submartingale with respect to P.

Solution (b): Using again that X2 =1 for n =1,---,n, we have
Zn1 = (Sn+ Xp1)? —(n+1)=52+28,X,,11 —n.
Since S, is known at time n and E,(X,1) = E(X,.1) = 0, we have
En(Zpi1) = S2 428, E0(Xp1) —n=S2 —n= 27,
Thus, Zy, Z1,- -+, Zy is a martingale with respect to P.

Solution (c): First, we observe that

2 —(n+1)
Un+1 = @Sn Can+1 (a + 1) 5
2a

and

a’+1

E(Xnt1) = E(Xop1) = a/2 + a_1/2 = %

Since S, is known at time n, we have

a2+1 —(n+1) CL2—|—1 —-n
En(Un+1) :aSn En(aXnJrl) < %24 ) :aSn < 2, ) =U,.

Thus, Uy, Uy, - -+, Uy is a martingale w.r.t. P.
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3. Consider the N-period binomial model, and assume that P(H) = P(T) = 1/2 (we
use the same notation as the book).

(a)

Assume Xy, X1, ..., Xy is a Markov process w.r.t. the risk neutral measure P.
Consider an option with payoff Vy = X%. Show that for eachn =0,1,..., N —
1, there exists a function g, such that the price at time n is given by V,, =

In(Xn)-
Let Xo, Xi,..., Xy be an adapted process on (€2, P). Consider the random
variables Uy, ..., Uy on (2, P) defined by

1/2,  ifw = H,
(MM“WW:{-QM if w; =T.

Let Zp =0, and Z,, = Z?_ol X;Ujy1, n=1,2,...,N. Prove that the process

Zo, 21, ..., 4N is a martingale w.r.t. P.

Consider the process Uy, ..., Uy of part (b), and define

1<i<n

S, = Z U;, and M,, = min S,,
i=1

voor n = 1,2,---  N. Show that the process (M, S;),- - (My,Sy) is Markov
w.r.t. P.

Solution (a): Since Xy, - - -, X is a Markov process and Viy = ¢, (X,,) with g, (x) =
22, the result follows from Theorem 2.5.8, and which can be easily proved with back-
ward induction as follows. From the hypothesis, the result is true for N. Assume it
is true for n < N, we will show it is true for n—1. Now V,,_; = E,((1+r)"'V},), and
by the induction hypothesis, V,, = ¢,(X,,) for some function g,. Since the process,

XOv'

-+, X, is Markov w.r.t. P, there exists a function h,_; such that

En(vn) = En(9n<Xn)) = hn—l(Xn—l)'

Set g,_1 = (1 +7)"'h,_1, we then have

Vi = (1+ T)flﬁna/n) = gn-1(Xn-1)-

Solution (b): We first observe that Z,.; = Z, + X, ,Uy41, and E,(Upy1) =
E(Up41) = 0. Thus,

En(Un-i-l) = Zn + XnEn(Un—i—l) = Zn-

So, Zy, Z1,...,Zy is a martingale w.r.t. P.

Solution (c): First note that M, = min(M,, S,11) and S,41 = Sy + Upq1. Let
f :R? = R be any function, then

f(Mn-i-la Sn—H) = f(min(Mm Sn-i-l)a Sp, + Un-i-l) = F<Mn7 Sna Un+1>'

4



Since M and S,, depend on the first n tosses while U, is independent of the first
n tosses, we have by the independence Lemma that

En(f(MnJrla Sn+1>) = En(F(an S, Unﬂ)) = g(an Sn)a

where

g(m,s) = E(F(m,s,U,1)) = % (f(min(m, s+ %),s + %) + f(min(m,s — =), s —

Hence, (M, S1), - (My,Sy) is Markov w.r.t. P.



