Universiteit Utrecht 35 pt Boedapestlaan 6
Mathematisch Instituut 3584 CD Utrecht

Uitwerkingen Oefen Deeltentamen 2 Inleiding Financiele Wiskunde, 2011-12

1. Consider a 2-period binomial model with Sy = 100, © = 1.2, d = 0.7, and r = 0.1.

Consider now an Asian American put option with expiration N = 2, and intrinsic

value Gn:95—w, n=0,1,2.
n+1

(a) Determine the price V,, at time n = 0,1 of this American option.
(b) Find the optimal exercise time 7*(wyws) for all wyws.

(c) Suppose it is possible to buy this option at a price C' > Vj, where V} is your
answer from part (a). Construct an explicit arbitrage strategy.

Solution (a): Note that the risk neutral probbaility is p = 4/5 and ¢ = 1/5. The
price process is given by
So =100, S1(H) = 120, 5,(T) =70, S:(HH) = 144, S2(HT) = So(TH) = 84, 5SQ(TT) = 49.
The intrinsic value process is given by
Go = —5,G1(H) = —15,G,(T) = 10,
Ga(HH) = —26.33,G2(HT) = —6.33,Go(TH) = 10.33, Go(TT') = 22.
The payoff at time 2 is given by
Vo(HH) = Vo(HT) =0, Vo(TH) = 10.33, Vo(TT) = 22.
Applying the American algorithm, we get
Vi(H) = max (—15, %[% X 0+ % « 0]) —0.
Vi(T) = max (10, 1—11[% x 10.33 + % X 22]) = max(10, 11.513) = 11.513.
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Vo = max (—5, —1[5 x 0+ v X 11.513]) = max(—5,2.093) = 2.093.

Solution (b): The optimal exercise time is given by

T (HH) = 7 (HT) = oo, 7*(TH) = 7*(TT) = 2.



Solution (c): Suppose it is poosible to buy the option for price C' > V; = 2.093.
Then at time zero sell the option for C, use Vy = 2.093 to start a self-financing ,
and deposit C' — 0.293 in the money market. To describe explicitly we first find

Vi) = Wi(T)

Bo = Sy (H) — S1(T)

= —0.23026,

_ Va(HH) - V4(HT) _ _
() = S,(HH) — S,(HT) Aull) =

Vo(TH) — Vo(TT)

= —0.33343.
Sy(TH) — Sy(TT) — 059343

So at time zero, the self financing portfolio has value
X =2.093 = Ay Sy + 25.119,

where Xy — ApSy = 25.119 is the money market part.
at time 1, if w; = H, then

X1(H) = NSy (H) + 1.1(25.119) = 0 = Vi (H).

In this case we do not need to adjust our portfolio and at time 2, Xo(HH) =0 =
Vo(HH). If wy =T, then

X1(T) = AoSi(T) + 1.1(25.119) = 11.513 = V;(T).
If the buyer of the option decides to exercise, he gets 10, so you are left with
11.513 =10 + 1.1(C' — 2.093) > 0.
If the buyer does not exercise, then you adjust your wealth as follows
Xo(T) = 11.513 = A{(T)S,(T) + 34.8531.
At time 2, your wealth is
Xo(TT) = A(T)So(TT) + 1.1(34.8531) = 22,
which equals the payoff of the buyer. You are left with (1.1)*(C — 2.093) > 0.

. Consider the binomial model with up factor u = 2, down factor d = 1/2 and interest
rate 7 = 1/4. Consider a perpetual American put option with Sy = 8 and strike
price K = 10.

(a) Suppose the buyer of the option uses the strategy of exercising the first time
the price drops to 1 euro. What is then the price at time 0 of such an option?

(b) What is the probability that the price reaches 16 euros for the first time at
time n = 57



Solution (a): The buyer is using the exercise policy 7_3. Hence, the price at tome

0 should be
~ 4\ ™3
u=ves = B(() "m0 s.)

= (3P0-1=2

Solution (b): The probability that the price reaches16 for the first time at time 5
is equal to the P({1 = 5}). By Theorem5.2.5,

P({r, =5}) = 1/16.

. Consider an American option with expiration date N, intrinsic value process Gg, Gy, - -+, Gy,
and price process Vp, Vi, .-+, Vy. Note that

- G.
V, = max By |Lipeny——r
res, =N Ay

Y

forn=0,1,---, N, where r is the interest rate.

(a) Forn=0,1,---,N, let 77 € S, be given by 7 = inf{k > n : V, = Gy}, if the
infimum exists, otherwise 7,7 = co. Prove that

Vm AT

(T M=)

is a martingale.

(b) Use part (a) to show 7' is an optimal stopping time for V;,. i.e.

~ GT*
Vi = En 1{T;SN}W

Solution (a): For m > n, we have

Vm/\T;; o Vm i n B I
(14 r)mAm: o (1+7)m {mr>m+1} 1 +r)= {mx<m}-

Now, the random variable I{;+>, 1} is known at time n, and on the set {7, > m+1},
onehasm+1=(m+1)A7: and V,,, = E,,(Viuy1 /(1 +1)). So that

Vm = ( ‘/(m—‘rl)/\’r;;

(15 etz = B\ 7 o H{T€>m+1}) :

Vs
m}, 77 = (m+ 1) A 7. Hence,

Vfi = V(m+1)Ar;;
Ay rsm) = B ((1 Y An Lrsm} | -

Also, the random variable I{rs<my is known at time m, and on the set {7, <
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Thus,

Vm/\'r;{ _ ‘/(m—i—l)/\'r;;
(1 _i_r)m/\T;; m (1 _i_?n)(m“rl)/\T;; ’
and therefore, { AT m=n,--+,N} is a martingale.

(1 + T)m/\T,*{ ’

Solution (b): Since 7, > n, then by part (a) we have,

Vn _ Vn/\T; _ E VN/\T;{
(1-'-7“)” (1+7a)n/\7';{ n (1+T)N/\T;;

= VN/\T;: jod VN/\T,’{
- B ptetenan ) + B (st

~ GT*
== En ——=1 T* 5
((Hr)ﬂ‘i {”S”})

where we have used that on the set {7 = oo} one has VNnare = Vv =0, and on the
set {7 <n} on has Vypre = Vie = G

4. Consider a 3-period (non constant interest rate) binomial model with interest rate
process Ry, Ry, Ry defined by

Ry =0, Ri(wi) = 0.02f(w1), Ra(wr,ws) = 0.02f(w1) f(w2)

where f(H) = 3, and f(T) = 2. Suppose that the risk neutral measure is given

by P(HHH) = P(HTT) = 1/10, P(HHT) = P(HTH) = 1/5, P(THH) =
P(THT) =1/15, P(TTH) = P(TTT) = 2/15.

(a) Calculate the time one price By 3 of a zero coupon bond with maturity m = 3.

(b) Consider a 3-period interest rate swap. Find the 3-period swap rate SRs, i.e.
the value of K that makes the time zero no arbitrage price of the swap equal
to zero.

(¢) Consider a 3-period Cap that makes payments C,, = (R,_; — 0.1)" at time
n =1,2,3. Find Caps, the price of this Cap.

Solution (a): We first calcultate the values of Ry, Ry, Re and Dy, Dy, D3 in the
following tables:

wWi1lwso R() R1 R2

HH | 0 006 0.18

HT | 0 006 0.12

TH | 0 004 0.12

TT | 0 004 008
T T T -
2 TR 1+ R 14 Ry Dy Dy Dy | P
HH | 1 08 s L T, Tmes | i
HT 1 06 L T, tivm |
T 1 Tod e ! T w1




Note that D3 depends on the first two coin tosses only, and since D; = 1 we have

Bia(H) = E\(Dy)(H) = Dsy(HH)P(ws = H|wy = H) + Dy(HT)P(ws = Tlw; = H)

= L 1+ L 1—08209
1.2508 2 0 1.1872 2 ’

and
Bys(T) = Ey(Ds)(T) = Ds(TH)P(wy = Hlwy = T) 4 D3(TT)P(wy = T|wy = T)
11 1 2
= 116483 112323 0.8797.

Solution (b): From Theorem 6.3.7, we know that
1— B073

SRs = .
’ By + By + Bojs

Now,

By1 = E(Dy) =1,

B073:E<D3) = ﬁ(wle,WQ:H)—F

Plwi=H w, =T
1.2508 (W= H,w, =T)

1.1872

Plw, =T, wy = H Plw: = H.owy = H
Tigag D wr =Towe = H) + =500 Plor = Hwy = H)
1 3 1 3 12 1 4

12508 10 T 11872 10 T 1.1648 15  1.1232 15
— (0.8444.

Thus,
1— Bys C1-0.8444

= = = 0.0557.
BO,l + BO,Q + BO,3 2.7951

SR
Solution (c): From Definition 6.3.8 we have

3
Caps =Y E(Dy(R,y — 0.1)").
n=1

We display the values of (R,—; — 0.1)" in a table

w12 (Ro — 01>+ (Rl — 01)+ (RQ — 01)+
HH 0 0 0.08
HT 0 0 0.02
TH 0 0 0.02
T 0 0 0
Thus,
Caps = E(D3(R,—0.1)") = 1 (0.8) 3+ ! (0.02) i+ (0.02) 2 1992
Ps = A T 12508 710 11872 10 T1a648 15 T T



5. Let My, My, - -, be the symmetric random walk, i.e. My =0, and M, = " | X,

where
1, if W; = H,
Xi_{ —1, fw, =T,

for i > 1. Let m > 2 be an integer, and let k£ € {1,---,m — 1}. Define Y; = k, and
Y1 = (Yo + X)) Lvgromyy + Yalvieomyys
for n > 0.

(a) Show that Yp, Yy, - - is a martingale.

(b) Let T'=inf{n > 1:Y, € {0,m}}. Using the the Optional Sampling Theorem
show that E(Yr) = E(Yy) = k.

—k
(c) Prove that P(Yy =0) = m—r
m

Solution (a): First note that Y,, is known at time n, hence (Y,) is an adjusted
process. Since X, is independent of the first n tosses, one has E,(X,i1) =
E(X,+1) = 0. Thus,

En(YnJrl) = YnH{Yn¢{0,m}} + YnH{Yne{O,m}} = Yn
Therefore, Yy, Y1, - - - is a martingale.

Solution (b): First note that Y,nr = Y,Lir>ny + Y7lir<pny, and by the Optional
Sampling Theorem, we have (Y,,r) is a martingale, so that

E(Yuar) = E(Yo) = k.
Thus, for each n,

Yr = Yrlyr<ny + Yrlirsn

Yorr — Yallirsny + Yrlirspy.
Taking expectations gives,

E(Yr) =k — EY lirsny) + E(Yrlirsny)
for all n. We show now that

lim E(Y,Lirsn) = lim BE(Yrlips,y) = 0.
n—ro0

n—oo

On the set {T" > n}, the random variable Y,, takes values in the set {1,---,m — 1}.
Thus,

Lirsny < Yalirsny < (m— 1)lipsn).

Taking expectations gives,

PUT > n} < B(Vlrsny) < (m — DP(T > n}).
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Since P(T' < co) = 1 (Thoerem 5.2.2), taking limits in the above inequalities gives

lim E(Y,I{r>ny) = 0. Now consider the random variable Y7, it takes values in the
n—oo

set {0, m}, thus
0 < Yrlirsny < mlipspy,

so that for all n

Taking limits and using the fact that P(T < oo) = 1, we get lim E(Y7lirs,y) = 0.
n—oo
This shows that E(Yr) = E(Yy) = k.

Solution (c): Note that Yr takes only two values 0 and m. Let p = P(Yr = 0),
then P(Yr =m) =1—p, and E(Yr) = m(1 — p). On the other hand, by part (b)

—k
we have E(Yr) = k, thus m(1 — p) = k implying that P(Y;r =0) =p = m—r
m



