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Problem 1.

a) Determine all eigenvalues and eigenvectors of the 2 x 2 matrix

().

3p
b) Show that the matrix A is diagonalizable. 2p
c) Use the results from a) and b) to find the solution F': R — C? to
d
—F = AF
dt
that satisfies the initial condition F'(0) = (g) 2p
Problem 2.
Consider the differential equation
f'+ (242 f =0 (1)
for f: R — R.
a) Assume that the power series function
flx) = Z a,x", z € R,
n=0

with a, € R solves (1). Plug this ansatz into (1) and derive a recurrence relation for the
coefficients a,,.

Hint: Treat the zeroth and first order terms separately. Notice that solving the recurrence
relation is not required. 3p

Take ag =1 and a; = 0.
b) Argue that a, = 0 for all odd positive integers n. 2p

Regarding the even positive integers, you may use without proof that

_(—D)F
@n =

for n = 2k with k € N.

c¢) Use a convergence test of your choice to prove that the power series ano a,r" converges
for all x € R. 3p

d) Show that f(z) = e " for all 2 € R and verify that this function is actually a solution
to (1). 3p

CONTINUATION ON NEXT PAGE



Problem 3.
Let f: R — R be the 2-periodic function defined by

0 forx e (—1,0],
T

f(x) = for z € (0,1), r e (—1,1].
% for x =1,
a) Visualize the graph of the function f by drawing at least two periods. 1p
b) Determine the Fourier coefficients fy for all k € Z. 3p

c) Argue why f can be expressed as a converging Fourier sine and cosine series, i.e.

f(z) =ao+ Z a cos(kmx) + by sin(kmx) forall z € R
k=1

with ag, bp € R, and determine all the coefficients a; and by. 3p

d)* Use the result from c) to find the value of the series

1 1 1 1

2p
Problem 4.
Consider the transport equation
—u+2u—0 in R x (0, 00) (2)
ot Ox T
along with the initial conditions
u(z,0) = g(z) for x € R, (3)
where g : R — R is a given function.
a) Let g(z) = €* for x € R. Use the separation of variables method to find a function
u: R x [0,00) — R that satisfies (2) and (3). 4p
b) Show that for all continuously differentiable functions g,
u(z,t) = g(x —t) with x € R and ¢ € [0, 00), (4)
solves the initial value problem (2)—(3). 2p

¢)* Assuming that g(z) = sin(z) for z € R, is it possible to derive the solution (4) in b) via a
separation of variables approach? 2p

PLEASE TURN OVER



Problem 5.

We consider the linear second order differential equation

V4 +3v=f (5)
for v : R — R with
2 f0<t<l
R — R, t) = ’
/ /) {O otherwise.

Solve the differential equation by performing the following steps.
a) Apply the Fourier transformation F to (5) and solve the resulting equation for Fv = 0. 3p

b) Let g : R — R be defined by

llemt —e™3) ift >0,
oy =42 )

0 itt <0.
Find the Fourier transform Fg = g of g. 2p
c¢) Calculate the convolution product (f * g)(z) for all x € R.
Hint: Treat the cases x < 0, z € (0,1) and = > 1 separately. 3p
d) Use the results from a), b) and c¢) to obtain a particular solution to (5). 3p
e) Determine the general solution to the differential equation (5). 2p



