Final Exam Ergodic Theory

January 6, 2015 - You are allowed to use the lecture notes, but no other
documents or calculators.

1. (a) Let F:[0,1] = [0, 1] be the Farey map (see Figure 1), which is given by
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Figure 1: The Farey map F.

Show that F' is measure preserving with respect to the measure p given by

u(A) = ﬁ lan

where A is a Lebesgue set and A is the Lebesgue measure.

(b) Give an example of a Lebesgue set A for which p(F(A)) # p(A). Justify your
answer.

{c) For each z € (0, 1], define the number n{x) by
n(z) =min{n >0 : F'z € (%, 1]}

Show that n(z) = n—1 for allz € (715, 1].

(d) Let T be the Gauss map, given by Tz = % (mnod 1). Using the notation from
part (c), show that for each z € (0, 1},

Foetl gy = Py,



2. Given a measure preserving system (X, F, 1, T), show that T x T is ergodic with
respect to g X g if and only if T x T % T is ergodic with respect to 2 x p X 1.

3. (a) Let (X,F,,T) be a measure preserving and ergodic system, and f € L'(j1).
Show that for any a € R the set

n=1

cop 1 ;
Xo={zeX :'llglgo;;f(i‘m):a}

satisfies u(X,) € {0,1}.

(b) Let 8 € [0,1)\Q and let S* = {e*** : a € [0,1)}. Consider the dynamical
system (S',B, A, Rg), where B is the Lebesgue o-algebra, A is the normalised
Lebesgue measure on S' and Ry : §' — S' is given by Rp(e®™®) = e?™(a+),
Let f € C([0,1]). Using the notation of part (a), determine for each o € R the

)
: 6 C&S C/—set X, explicitly.
} 4. Let (X, F,p, T) be a measure preserving dynamical system. Let & > 0.

(a) Show that for any finite partition a of X one has h,,(V:L':'Dl T 'a, T") = khy(a,T).
(b) Prove that kh,(T) < h,(T*).

(c) Prove that h,(a, T*) < kh,(c.T).

(d) Prove that h,(T*) = kh,(T).



