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Question 1

Consider ([0,1), B), where B is the Lebesgue o-algebra. Let T : [0,1) — [0,1) be the continued
fraction transformation, i.e., 70 = 0 and for x # 0,

1 1
T =—— {J .
T x
It is well-known that T is measure preserving and ergodic with respect to the Gauss-measure

given by
1 1
w(B) = ——dw
glog21l+4+x

for every Lebesque set B. For each x € [0,1) consider the sequence of digits of = defined by
zn(2) = ay = | 751> Let A denote the normalized Lebesgue measure on [0,1).

a) Show that lim Gttt an

n— 00 n

=00 A a.e.

b) Show that

log k
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A a.e.

Question 2

Let (X, F,u) be a probability space, and T : X — X a measure preserving transformation. Let
A € F with u(A) > 0. For « € A let n(z) be the first return time of z to A, and p4 the induced
measure on the o-algebra F N A on A. Consider the induced transformation 74 of T on A given
by Taz = T7@) .

a) Show that if T4 is ergodic and p (Uk21 T"fA) =1, then T is ergodic.

b) Assume further that T is invertible and ergodic.

(i) Show that

(ii) Prove that



Question 3

Let (X, F,u) be a probability space, and T : X — X a measure preserving transformation. Let
felNX,F,p).

a) Show that if f(Tz) < f(X) p a.e., then f(z) = f(Tz) p a.e.

T’ﬂ
b) Show that lim f(7lz)::O;La£.

n—oo

Question 4

Let (X,F,u) be a probability space, and T : X — X a measure preserving transformation.
Consider the transformation 7' x T defined on (X x X, F x F,ux p) by (T x T)(x,y) = (Tz,Ty).

a) Show that T is strongly mixing with respect to p if and only if T x T is strongly mixing
with respect p x p.

b) Show that T is weakly mixing with respect to p if and only if T' x T is ergodic with respect
to pu X p.

¢) Show that T'=Tp = x + 6 (mod 1) is an irrational rotation on [0,1), then Ty is not weakly
mixing with respect to A x A where X is the normalized Lebesgue measure on [0,1).

Question 5

Let A be the normalized Lebesgue measure on ([0,1),8) where B is the Lebesgue o-algebra.
Consider the transformation 7" : [0,1) — [0,1) given by

<
T — ix 1 0<z<1/3

For z € [0,1) let

&@0:{3 0<z<1/3

3 13<z<l

0 0<z<1/3
3 0<z<l

0 0<z<1/3
1 1/3<z<1.

and {
Let s, = sp(x) = s1(T" 'z, hyy = hy(x) = by (T 12) and a,, = a,(x) = ay (T" ') for n > 1.
a) Show that for any = € [0,1) one has

b) Show that T is measure preserving and ergodic with respect to the measure \.
¢) Shwo that for each n > 1 and any sequence i1, 12, . .7, € {0,1} one has
2k
A{z €[0,1) : a1(x) = i1,a2(x) =ia,...an(x) =in}) = 30
where k = #{1 <j<n:i; =1}



